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ABSTRACT

Let H be a Hopf algebra over the field k and B C A a right faithfully flat right
H-Galois extension. The aim of this paper is to study some questions of
representation theory connected with the ring extension B C A, such as
induction and restriction of simple or indecomposable modules. In particular,
generalizations are given of classical results of Clifford, Green and Blattner on
representations of groups and Lie algebras. The stabilizer of a left B-module is
introduced as a subcoalgebra of H. Very often the stabilizer is a Hopf
subalgebra. The special case when A is a finite dimensional cocommutative
Hopf algebra over an algebraically closed field, B is a normal Hopf subalgebra
and H is the quotient Hopf algebra was studied before by Voigt using the
language of finite group schemes.

Introduction

Let H be a Hopf algebra over a field k and A4 a right H-comodule algebra, i.e.
A is an algebra together with an H-comodule structure A,: 4 -4 ® H such
that A, is an algebra map. Let B be the subalgebra of the H-coinvariant
elements, B:=A%":={a€A4 |A@)=a® 1}. Assume that B C 4 is an H-
Galois extension.ie. AQsA—AQH, x ®y — xA,(), is bijective, and that
A is faithfully flat as right B-module.

A can be viewed as a non-commutative H-torsor over B (cf. [6]).

The aim of this paper is to study some questions of representation theory
connected with the ring extension B C A4, such as induction and restriction of
simple or indecomposable modules.
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The assumptions on the ring extension B C A4 are strong enough to get
non-trivial results and general enough to cover many interesting special cases.
Examples of faithfully flat H-Galois extensions B C 4 include:

(1) G is a group, G’ C G a normal subgroup, G/G’ the quotient group and
B:=k[G')C A:=k[G], H:=k[G/G'] are the group algebras.

(2) g is a (p-)Lie algebra, ¢’ C g a (p-)Lie ideal, g/g’ the quotient ( p-)Lie
algebra and B:=U¢' CA:=Ug, H:=Ug/y are the universal
( p-)enveloping algebras.

(3) G is a finite group scheme, G’ a normal subgroup, G/G’ the quotient
group scheme and B:=H(G’)CA:=H(G), H:= H(G/G’) are the
covariant cocommutative Hopf algebras of the group schemes. If Sp(R)
is a finite group scheme, i.e. R is a commutative finite dimensional Hopf
algebra, then H(Sp(R)) is defined as the dual Hopf algebra R*. For
representation theory of finite group schemes see the pioneering work of
Voigt [28].

(4) A is any Hopf algebra, B a Hopf subalgebra which is normal (i.e.
B*A = AB*)and such that A4 is right faithfully flat over B (this holds, for
example, if 4 is pointed or cocommutative or if only its coradical is
cocommutative [2]) and H:= A/AB™* is the quotient Hopf algebra. Of
course, (1) and (2) are examples of (4), and (3) is the special case of (4)
when A is finite dimensional and cocommutative.

(5) G is a group, H:=k[G] the group algebra, A any strongly G-graded
algebra, B:= A, (cf. [5]).

(6) B is any algebra, H any Hopf algebra with bijective antipode, H acts
(weakly)on B, 0 : H® H — Bis an invertible 2-cocycle,and 4 := B#, H
is the crossed product (cf. [11], [3]). This example generalizes twisted
group rings and skew group rings.

(7) A =B#,Hasin(6), but replace Bby B#, H’ and Hby H/HH'*, where
H'’ C H is a normal Hopf subalgebra as in (4).

It is the philosophy of this paper that theorems become more general and
proofs more natural if one studies faithfully flat Hopf Galois extensions in
general instead of any one of the above examples. Very often, the methods of
proof in the general case are very different from those of various particular
cases. Sometimes, only a weakened version can be generalized, and the proof
of an easy statement in a special case can be quite hard in general.

Most of the following depends on technical properties of Hopf Galois
extensions proved in the first section.
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In Section 2, a weakened version of the classical theorem of Clifford on
restriction of simple representations is proved: If N is a simple A-module, then
N need not be semisimple over B, but still its B-composition factors are of the
form 4, ®3 M, g a group-like element of H (2.2). Here M is assumed to be a
simple B-submodule of N, H is pointed and 4, := {a €4 | A,(a) =a®¢g)}. In
the situation of example (3), 2.2 was proved by Voigt [28], 9.6, 9.7 and 9.8, in
case H is irreducible, and in the more special case of p-Lie algebras by
Diethelm-Nussli in her thesis [7], Satz 3.6.

In Section 3, the notion of a stable B-module is introduced (cf. [4], p. 269,
for group algebras). If M is B-finitely presented or H is finite dimensional, then
the main Theorem 3.6 characterizes stable modules as follows: M is stable if
and only if the A-endomorphism ring of the induced module 4 ®; M is an
H-crossed product over the B-endomorphism ring of M. In the case of strongly
G-graded algebras, 3.6 was proved by Dade [5], 5.24, generalizing previous
results of Tucker, Conlon and Ward (cf. [4], §11C). In the situation of example
(3), the implication of 3.6 where M is assumed to be stable was proved by Voigt
using another description of stability and of crossed products (in the theory of
group schemes). His proof [28], 12.6, is completely different from the general
Hopf algebraic proof below.

In the next section, the existence of the stabilizer as a Hopf algebra is shown
in the general case under rather weak assumptions (4.4). This was done by
Voigt [28] for finite group schemes over algebraically closed fields (showing the
representability of the corresponding functor), and by Blattner [2] for Lie
algebras. In the group algebra case, the existence of the stabilizer is evident. In
the general case, however, this is a non-trivial fact. The proof of 4.4 uses ideas
of Greipel in his thesis [12], together with a simplification due to Takeuchi. It
will be shown in another paper that 4.4 implies a general representability
theorem if H is cocommutative.

In Section 5, induction of simple B-modules is studied. The main result 5.4
is a general version of Blattner’s basic irreducibility criterion [2], Th. 3, for Lie
algebras over algebraically closed fields in characteristic 0. Here, the Hopf
algebra H is assumed to be cocommutative and pointed. 5.4 was proved by
Voigt [28], 9.13, for finite group schemes over algebraically closed fields. Then
Greipel [12] proved 5.4 for (not necessarily finite dimensional) co-
commutative pointed Hopf algebras B C A, B normal. The proof of 5.4 in the
general case is inspired by Greipel’s procedure. As a corollary of 5.4, it is
shown in 5.7 (as in [28]) that the computation of the Jordan-Hélder com-
position series of the induced module can be reduced to the stable case.
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However, the role of the stabilizer in the determination of a Krull-Remak-
Schmidt decomposition of the induced module seems to belong to the my-
steries of the general (non-group algebra) case.

Finally, in the last section, some applications are given. The main result 6.2
is a version of Green’s indecomposability theorem (cf. [4], (19.22)) for stable
modules (see 6.4 for the case of simple modules). Here, the Hopf algebra H is
assumed to be finite dimensional and local (or, more general, H*is assumed to
be pointed). Again, in the situation of example (3) when G/G’ is unipotent, 6.2
was obtained by Voigt [28], 12.8, in a completely different way. Furthermore,
some results on the block decomposition of 4 are derived in 6.5 and 6.6
generalizing statements of Morita [17] on the blocks of group algebras and of
Voigt [28].

1. Conventions and technical results

Let k be a field and @ = ®,. All algebras and coalgebras will be defined over
k. Let H be a Hopf algebra, 4 a right H-comodule algebra and B := A% ;. #
will denote the category of left B-modules. If M is a left B-module, then
the induced module 4 ®; M is a Hopf module in ,#", where a @y m —
2 ay®z m Qa, is the H-comodule structure of the induced module. A Hopf
module in ,.# resp. .#% is a right H-comodule N which is also a left resp.
right A-module such that the comodule structure map Ay: N—=NQH is
A-linear, i.e. (in Sweedler’s notation) Ay(an) = Z aghy & a,n, resp. Ay(na) =
2 nyay @ n,a, for all a € A and n € N (cf. [22]). Morphisms of Hopf modules are
A-linear and H-collinear maps.

1.1. REMARK. (1) The canonical map can: A ®z 4 - AQ H, can(x Qz y) =
Z xy, &y, is a morphism of Hopf modules in ,.#% and in .4, where

(a) A®zA and A ® H are Hopf modules in ,.## with left 4-module
structures a(x Qg y) 1= ax Rz y, a{(x Q) :=ax ®h and right H-com-
odule structures x @y > Z X, Q¥ Qx1, X @l > Z x,® h, @ x,S(h,),

(b) AQ®zA and A ® H are Hopf modules in .#% with right A-module
structures (x ®py)a:=xQzya, (x ®h)a:=73 xa,® ha, and right H-
comodule structures xQzy > Z xR 1, ®y;, x®h > ZxQh,®h,
(a,x,yEAand h€EH).

Proor. (a) If X is a right H-comodule and Y a left H-comodule,
then X® Y is a right H-comodule by diagonal action in the folowing way:
xQ@y > ZxQ@y®@x,5(y-1), where Ay(x) =2 x,®@x;, Ay(¥)=Zy_ @,
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xEXandy €Y. In particular, 4 ® H is a right H-comodule as defined in (a). It
is easily checked that A ®; 4 and 4 @ H are Hopf modules in ,.#". The
canonical map is trivially left A-linear. It is also right H-collinear, since

Aen(Z x30®11) = Z %10 @ 1: B X, 11S(1) = Z X%y, @ @ x,.
(b) is easy to check (and well known).

(2) If the antipode of H is a bijective, and B C A is any right H-Galois
extension, then the following are equivalent:

(a) A is faithfully flat as right or left B-module.

(b) Bis a direct summand in A as right or left B-module.

(c) A is injective as right H-comodule.

PrOOF. [22], Th. I; [10], 2.4.

(3) Let 4 be a right comodule algebra and assume that there is a right
H-collinear and invertible (with respect to convolution) map j : H — A. Define
B:=A%¥, Then B C A is an H-crossed product, B#,H = A, b#h > bj(h).
In particular, B C A is a right H-Galois extension, and A is faithfully flat (free)
as left B-module. If the antipode of H is bijective, then A is also right B-free
(cf. [24], [3], [11]).

(4) Let A be a Hopf algebra with cocommutative coradical. Let B be a Hopf
subalgebra which is normal in A4, i.e. B*4 = AB™* (B is the kernel of the
augmentation map of B). Then A is faithfully flat as left and right B-module.
Let H:=A/AB* be the quotient Hopf algebra and 4 — H, a+> a, the
canonical map. Then the diagonal of 4 induces a right H-comodule structure
onAbyawr Za,®a; and B C A is an H-Galois extension.

ProoF. By [26], Th. 3.1, and [27], Th. 1, A is faithfully flat over B on both
sides, and B =A%, Then can: 4 ®; 4 —A Q@ H is bijective with inverse
mapping x ®F > Z xS(,) Q5 >

Throughout this paper, the following will be assumed:

H is a Hopf algebra and B C A is a right H-Galois extension
such that A is faithfully flat as right B-module.

Examples of this situation are given in the introduction (cf. 1.1).

DEeFINITION. Let V be a right H-comodule, C C H a subcoalgebra and g a
group-like element of H. Define V(C):=A;'(VQC) (= VO, C),
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Vyi=V(kg) = (vEV | Ay(v) = 1v®g}.
If Wis a left H-comodule, define W :={wEW | Ap(w)=gQw).

V(C)is aright C-comodule and an H-subcomodule of V. Note that A(C)is a
left and right B-submodule of 4. If H'C H is a Hopf subalgebra, then
B C A(H’) is a right H’-comodule extension and A(H’); is faithfully flat
([22), 3.11, 2)).

The following proposition is a fundamental observation for faithfully flat
Hopf Galois extensions.

1.2. PropPosITION. Let D C C be subcoalgebras of H, M a left B-module
and V a left H-comodule. Then the canonical map

can: (A(CYA(D)Oy VYQs M — (A(C)AD)R M)Oy V,

can(Z 7, Qu;@m,) :=Z a; @ mv;, is bijective. Here, A(C)YAD)O,V is a
B-subbimodule of A(CYA(D)® V, where b@Qv):=baQuv, @QRuv)b:=abQv
define the B-module structures, and A(C)A(D)®z M has right H-comodule
structurea®@m — 2 3,0m Qa,.

ProoF. Since A4 is right faithfully flat over B, it is enough to show that
A ®j can is bijective. The canonical isomorphism A ®; 4 — 4 @ H induces an
isomorphism can(C) : 4 @z A(C)— A ® C by cotensoring with — 0, C. Note
that (4 ®,A)3,C =4 ®z A(C), since A is B-flat. The same isomorphism
exists for D. Hence by the flatness of 4 over B, ®: 4 Q; A(C)/AD)—=AQ
C/D,d(x ®Y) := = xy,®7, is bijective. Now it is easily seen that 4 ®; can is
the composition of the following canonical isomorphisms:

AQp(A(CYAD) Oy VY Qs M
=((4 Qs A(CYA(D)) O, V)R M (since Ay is flat)

=(A®C/D)Oy V)@ M (induced by @)
=AQ;MQ(C/DOy V)
=(AQC/DYR®; M)O, V (induced by ®)

=(AQ A(CYAD)Qs MYy V

=AQp (A(CYAD)Y®y M)y, V) (since Ay is flat).



202 H.-J. SCHNEIDER Isr. J. Math.

1.3. COROLLARY. Assume the situation of 1.2.

(1) A(CYAD)Oy V is faithfully flat as right B-module.

(2) A @ M is faithfully coflat as right H-comodule .

(3) The canonical map A(C)Q@z M — (4 @z M)Oy, C is a B-linear isomor-
phism, and A(C)®g M is injective ( = coflat) as right C-comodule.

(8) The canonical map A(C)Qy M —AQ; M, defined by the inclusion
A(C) C A, is injective.

(5) The left B-linear map M — (4 @z M)°#, m > 1@y m, is bijective.

Proor. (1) By the proof of 1.2,
M AQz(A(CYAD)Oy V)R M =AQ; M Q(C/Dy V)

preserves and reflects exactness, since Ay is faithfully flat. Hence,
A(C)/A(D)Oy V is faithfully flat over B, since A is faithfully flat.

(2) is proved in the same way as (1), since 4 Ry (A Qs M)y V) =
A @y M@V (take C:= H and D := 0 in the proof of 1.2).

(3) follows from 1.2 and (2).

(4) follows from (3).

(5) Let k be the trivial H-comodule. Then, by 1.2, (4 @z M)°H =~
(AR M)y k =(A0y k)R M. This proves (5), since A Oy k = B.

The next corollary permits the calculation of the B-module structure of
restricted modules in certain cases. It will be applied in Sections 2 and 5.

1.4. COROLLARY. Assume the situation of 1.2. Let g be a group-like element
ofH.

(1) A(CYAD)®y M~ (AR MQCIDY°H, aQpym > = a,Qp m Q,, is
an isomorphism of left B-modules, where A @z M Q C/D is a right H-comodule
in the following way (cf. 1.1): a @y m QT > 2 a, Q@ m T, ® a, S(c)).

(2) (A @y M, (C/D)*H =4, Qs M Q,(C/D) as left B-modules. Here,
AQy M ®,(C/D) is viewed as a right H-subcomodule of the comodule
A®; M®CID in (1).

(3) If C is cocommutative, then A(CYA(D), Qs M — A, &y M Q(C/D),,

a®ym > = a,®z m ®a,, is an isomorphism of left B-modules.

ProoF. (1) The canonical map 4 @z A(CYAD)Qy M —>AQ; M QC/D,
X ®p7 Qs m > = x3,Qp m 77, is bijective (see the proof of 1.2). This map is
right H-collinear, where the module on the left has the usual H-comodule
structure defined by A, and the comodule structure on the right is described in



Vol. 72, 1990 HOPF GALOIS EXTENSIONS 203

1.4. Hence, the above map induces an isomorphism of the H-coinvariant
elements. By 1.3 (5), the coinvariant elements on the left are 4(C)YA(D)&®; M.
(2) Let = a, ® m, R, be an element of 4 Qs M &, (C/D). This element is
H-coinvariant ifand only if £ 4, Q@ m, ®¢;Qa; 187 ' =2 a, @y m; Q¢ @1, or
equivalently, Z a;,®;m; ¢, Qa;; =7 a, Qs m; Q¢ ®g. This proves the
claim, since (4 ®p M), = A4, ®p M, by 1.3(3) (take C:= kg).
(3) By the proof of 1.2 (take V' := kg), the canonical map

A (A(C)AD)), Oy M — ARy M Q(C/D),

is bijective. Then A(C)/A(D), ®3 M is B-isomorphic to (4 ®; M & (C/D),)*"
by the same argument as before. But (C/D), = ,(C/D), since C is cocommuta-
tive. Hence, (2) can be applied, and the isomorphism in (3) follows.

1.5. COROLLARY. Assume the situation of 1.2. Let g, h be group-like
elements and C;, i €1, subcoalgebras of H.

(1) The multiplication maps A ®QpA,—~A and A, QpA, — Ay are iso-
morphisms.

(2) ptl = pl, M — A, @y M, is an equivalence of categories.

(3) 4,A(C)=A(gC).

(4) Z,4(C) = AZ,; C).

ProoOF. (1) As in the proof of 1.2 (take C:=kh), the canonical map
ARpA,—AQkh, xQzy— xy®h, is bijective. Hence, the multiplication
map 4 ®;z A, — A is bijective for all group-like elements 4. Therefore, multi-
plication defines an isomorphism 4 ®; A, ®z 4, — A & A, (apply the above
to g, h and gh). Hence, 4, ®p 4, — A, is bijective, since 4 is faithfully flat.

(2) By (1), the multiplication maps A, ®p A, —> B, A, QzA, — B are
isomorphisms, and 4, is an invertible B-bimodule.

(3) Clearly, A4,A(C)C A(gC) for all group-like elements g. Therefore,
AgA,-A(gC) C A,A(C). But by (1), 4,4,- = B. Hence, 4,4(C) = A(gC).

(4) Consider the canonical surjective map @, C,— Z; C;. This map is left
H-collinear. By 1.3(2), 4 is coflat as right H-comodule. Hence A0, (D, C,)—
A0y (Z; C) is surjective. This proves the claim, since the cotensor product
commutes with direct sums.

In the proof of the general version of Blattner’s theorem in Section 5, the
following result on induction of modules over A(H’), H’ a Hopf subalgebra,
will be needed.
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1.6. ProPosITION. Let H' C H be a Hopf subalgebra. Assume that the
antipode of H' is bijective and that H is faithfully flat as left H-module. Let
C C H be a subcoalgebra such that CH’ C C. Define A’ := A(H’) and H :=
H/HH'*. Let Q be aleft A”-module. Then A(C) is a (B, A’)-bimodule, A ®, Q
is a right H-comodule with structure map a ®, ¢ — = a,®,. ¢ @a;, and the left
B-linear map A(C)®; Q ~(A(C)®, Q)OzH, a®pq— Za,Q,qRa,, is
bijective.

PROOF. By [27], Th. 1, 4% — .#¥", X+ X®y k, is an equivalence
with quasi-inverse Y — Y[O; H, since H is left faithfully flat over H’. In
particular, H is faithfully coflat as left H-comodule, and HQH'—H Oz H,
x®y Zx,®x,y, is bijective, since HROH' Quk=H=(HOzH)
®y k. Hence, by cotensoring with COy-, COH'—COzH, xQy
Zx,®x,y, is bijective. Since the antipode of H’ is bijective, CQH’'—
CQH, xQyw— Z xpy,QS5(y,), is an isomorphism. The composition of both
maps gives the isomorphism ¥: CQH' - COg H, Y(x ®y) : =2 x; ¥y @ x,.

As in the proof of 1.2, let can(D): 4 &; A(D)— A4 @ D be the canonical
isomorphism. Finally, let ® be the canonical map in 1.6. It suffices to show the
bijectivity of ® in case Q = A’, since both sides of ® are right exact functors in
Q(His H-coflat) which commute with arbitrary direct sums.

As before, it will suffice to write 4 ®; ® as a composition of isomorphisms:

ARpAC)R A’ =(AQC)Rp A’ (induced by can(C))

=AQA'QC (permute C and 4")
=AQH'®C (induced by can(H"))
=AQCRH {permute H' and C)
=AQCUzH (induced by ¥)

=(AQzA(C) Oz H (induced by can(C))
=AQz(A(C)0Oz H) (associativity holds, since A is flat).

1.7. COROLLARY. Assume the situation in 1.6.

(1) Theinclusion A(C) C A induces an injective map A(C)Q, Q —A4Q,. Q.

() If the antipode of H is bijective, then can"AQ; A—A ®H,
can’(x @, y) :=Z xoy X, is bijective.

(3) A(C) is faithfully flat as right A’-module.

Proor. (1) follows from 1.6, since 4(C)®5 Q—A4 ®; Q is injective by
1.3(4), and since H is faithfully coflat as left H-comodule.
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(2) The canonical map can’: 4 ®; 4 — A4 @ H is bijective, since the antipode
of H is bijective. Now (2) follows from 1.6 in the same way as (1).

3) _follows from 1.6, since A, is faithfully flat and H is faithfully coflat
over H.

1.8. REMARK. (1) Assume in 1.6 that the antipode of H is bijective. Then
A, is faithfully flat and can”: 4 ®,. 4 — A ® H is bijective by 1.7. Therefore, cf.
[22), 3.7, A’ = A®¥ and the induction functor .4 — .47 Q> A®, Q, is
an equivalence with quasi-inverse N — N®¥_In particular, Q = (4 ®, Q)°H.

(2) Assume in 1.6 that H is finite dimensional. Then H = HQH’ as left
comodules over H (and right H’-comodules). This follows from the theorem of
Nichols and Zoeller [18], see [23]. Thus A(C)®s Q =(A(C)RQ, Q)" as left
B-modules, where n is the dimension of H’.

2. Restriction of induced and of simple modules

Let (H,),z0 be the coradical filtration of H ([24], §9.1 and §11.1): Hy is the
coradical, H is the union of the H,, and A(H,) C Z/'., H; ® H, _,. Hence, the
comultiplication of H induces a left and right Hy-comodule structure on
H,,./H,, n z0. If Vis any right H-comodule, then V,:= V(H,)= VOy H,,
n = 0, defines the coradical filtration on V.

2.1. THEOREM. Assume H is pointed. Let M be a left B-module and
N:=AQ@y M the induced module. Let i,:A,— A, n=0, be the inclusion
maps, where (A,) is the coradical filtration. Then i, Qg M : A, Qs M — A Q M
is injective, and N,:=image of i, ®z M, n Z 0, defines a filtration of N as
B-module (by restriction) such that AQzM =, N,, and each quotient
N, /N, is a B-direct sum of modules isomorphic to A, ®y M, g a group-like
element of H.

ProoF. By 1.3(4), i, ®z M is injective. The equality N = U N, follows
from 4 =UA,. Take D:=H,C C:=H,,, in 1.4. By 1.4(1), N, /N, is
B-isomorphic to (A®; M QH,,,/H,)*". Let G be the set of group-like
elements of H. Then H,,/H,=&,(H,,,/H,) is a decomposition of left
H-comodules. Hence,

Noo/No= D U@ M, (H, . /H,)°H
8

=@ 4, M, (H,,/H,) (by1.42))
4

is B-isomorphic to a direct sum of copies of A, M, g€G.
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2.2. COROLLARY. Assume H is pointed. Let N be a simple left A-module
and M a simple B-submodule of N. Then there is a sequence

Ny, C N, C N, - - of B-submodules of N, N=UN,,

such that each quotient N, . ,/N,, n = 0, is a B-direct sum of simple B-modules
isomorphic to A, ® M, g a group-like element of H.

In particular, if N is a B-module of finite length, then each B-composition
Sactor of N is of the form A, &z M, g a group-like element of H.

ProoF. The multiplication map A @; M — AM = N is an epimorphism of
B — (and 4 — ) modules. Since any A, ®; M is B-simple by 1.5(2), everything
follows from 2.1.

2.3. REMARK. Let G be a finite group and G’ C G a normal subgroup. Let
N be a simple left module over the group algebra 4 := k[G] and M a simple
k[G’}-submodule of N, B := k[G’]. Let g be the image of gE G in G/G". If X is
any left k[G’]-module, let X be X as k-module with the twisted G’-operation
(g’, x) — g~ 'g’g - x. Note that the coset gG’ is a basis of 4;. Thus 4; = k[G’],
and 4; ®, M = M as left k[G']-modules. Hence, by 2.2, all G’-composition
factors of N are of the form M, g €G. Therefore, 2.2 can be viewed as a
generalization of a weakened version of Clifford’s theorem which says further-
more that N is semisimple as k[G’]-module.

3. Endomorphism ring of induced modules and stable modules

In this section, k will be a commutative ring. As always, B C A4 is a right
H-Galois extension and A is faithfully flat as right B-module.
Assume furthermore the following situation (S):

Let M be a left B-module. Assume M is B-finitely presented and H is flat over
k or H is finitely generated and projective as k-module.

Let E’ := Endz(M)® and E := End,(4 ®; M) be the dual endomorphism
rings. The induced module N:=A ®; M is a Hopf module in ,.#" as
described in Section 1. N is also a right E-module by nF:= F(n), n€N,
FEE.

3.1. LEMMA. Assume situation (S). Then there is exactly one right H-
comodule algebra structure Ag on E such that N is a Hopf module in M3, i.e.
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Ay(nF)=Z ngFy®n, F, for all n €N and F € E. The algebra homomorphism
E'—E®¥ fi5 1d®, is bijective.

ProoF. By assumption (8S), the canonical map
can : Homy(M, N)® H —Homgy(M, N Q@ H) is bijective.
Define A as the composition

Hom,(M, A,)
_—

E =Homg(M, N) Homy(M, N Q@ H) —— Homy(M, N)@H

=FQH.

By definition, for all FEE and meEM: Z F(1@m)® F; = Ay(F(1 @ m)),
where Ag(F)=Z F,QF,. Hence, for all a €4:

An(F(a®@m))=Ay(aF(1 ® m)) = = Fy(a,®m)Qa, F,,

that is, N is a Hopf module. Uniqueness of A follows from the first equation,
and it is easily checked that (£, Ag) is in fact an H-comodule algebra.

The mapping from E’ to E is injective, since A4, is faithfully flat. Let F be in
E. Then FEE®¥ ifandonly if, forall m EM, Ay(F(1@m) =F(1dm)R 1.
By 1.3(5), M = (4 @z M)*H Hence, E’— E*! is bijective.

In this section, properties of the induced module will be characterized by
properties of the H-comodule algebra E.

DEFINITION. Let M be a left B-module. M will be called A-stable or stable if
there is a left B-linear and right H-collinear isomorphism

AQM=MQH.
Here,

ba®zm):=ba®;m anda@ym - Za,Q;ma,, resp.
b(m®h):=bm@Oh andm@h —> mQQA(h)

are the B-module and H-comodule structures of 4 ®; M (as above) resp. of
MQH.

3.2. REMARK. (1) Let G be a group and G’ C G a normal subgroup.
Consider the k[G/G’]-Galois extension B:=k[G’] CA:=k[G], A,(g)=
g®g for all gE€G. In this case, M is stable if and only if, for all gEG, M is
B-isomorphic to the twisted B-module ,Af. Hence, the above definition
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generalizes the well-known notion of stable modules in representation theory
of groups.

(2) In the case of finite group schemes (over an algebraically closed field) in
example (3) of the introduction, M is stable if and only if M is stable in the
sense of Voigt [28]. This follows from [28], 7.4.

(3) Assume the antipode of H is bijective. Then any left 4-module N is
stable over B (by restriction).

Proor. Since the antipode is bijective, can: A @y A ~AQH, xRy
Z x,y ®x,, is an isomorphism. Hence, tensoring with — &, N gives an
isomorphism 4 ®; N — N Q H of B-modules and H-comodules.

(4) Assume in the above definition that A, B and H are finite dimensional
over the field k. Then the following are equivalent (cf. [28], 7.4):

(a) M is stable.

(b) There is a B-linear isomorphism 4 ®; M = M' for some natural number ¢.

PrROOF. (a)=(b) is trivial. (b)=>(a): Let N:=A4 &z M. By (3), there is a
B-linear and H-collinear isomorphism 4 @; N = N @ H. By (b), N = M" over
B. Hence, (A @y M) = (M Q@ H)! as left B-modules and right H-comodules,
i.e. as left B @ H* modules. By Krull-Remak-Schmidt, 4 ; M =M Q H as
B-modules and H-comodules.

(5) If M is stable, there is an isomorphism ®: 4 ®; M — M Q H of left
B-modules and right H-comodules such that &(1®@m)=m & 1 forall meM
(i.e. ® is M-compatible).

ProOF. Let ®: 4@z M — M QH be a B-linear and H-collinear isomor-
phism. Since, by 1.3(5), M = (4 ®; M)*#, the H-collinear map P induces a
B-linear isomorphism f: M — M. Then (f~!®id)® is B-linear, H-collinear
and M-compatible.

3.3. THEOREM. Assume situation (S). If the antipode of H is bijective, then
the following are equivalent:

(1) M= AQyM, m— 1Qm, is a B-split monomorphism.

(2) M is B-isomorphic to a B-direct summand of an A-module.

(3) M is B-isomorphic to a direct summand of a stable module .

(4) There is a right H-collinear and unitary map J: H —E.

ProOOF. (1)==(2) is trivial, and (2)= (3) follows from 3.2(3).
(3)=(4): Let V be a stable left B-module and U a left B-module such that
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M@®U=V over B. Then E =Homyz(M, A @y M) is an H-comodule direct
summand of Hom, (M, A ®; V), where the comodule structures are defined as
in 3.1 via the comodule structures of 4 ®; M and A ®, V. Since V is stable,
Homg(M, A &, V) is isomorphic to Homg(M, V)® H as comodules, where
id®A is the comodule structure on the right. Hence E as an H-comodule is
injective with respect to k-split monomorphisms of comodules. In particular,
there is a right H-collinear map ¢: E® H — E such that pAg = id. Hence,
J:H—E,J(h):=¢(1 ®h), is right H-collinear and unitary.

(4)=(1) (here, the antipode of H need not be bijective): Define
q: A ®z M — M by the equation 1Q¢(n) == nyJ(S(n,)) in A @, M = N for
allneN. By 3.1,

AN(Z ngJ(S(n) = Z ny J(S(n3)) @ 1, S(my) = Z ny J(S(n))) R 1.

Hence g is well-defined, since, by 1.3(5), M = (4 ®; M)*#. Clearly, q is left
B-linear, and ¢(1 ® m) = m for all m €M, since J is unitary.

Note that condition (1) in 3.3 is clearly satisfied in the special case when B is
a direct summand of A as a B-bimodule.

The following notation will be used in the sequel. For any 4 € H choose
finitely many elements r;(h), [i(h)EA, i €I, such that 1Qh = Z r;,(W);(h),®
l;(h),in A @ H. Note that X r;(h) ®; [;(h) is uniquely determined as the inverse
image of 1® & by the isomorphism can: A @34 A Q H.

3.4. REMARK. (1) Take A = H as comodaule algebra via A. Then B = kand
Zr(h)®I(h)=Z S(h)®h,. Hence, in general, Z r;(h)®p/;(h) should be
viewed as a substitute of = S(h,)®h, or g~ ' ® g, g a group-like element.

(2) For all h, h"€H, b€ B and a € A4 the following identities hold:

(@) 2 bri(h)®pli(h) = Z r(h)®z [;(h)b,

(b) Z agri(a)Bpli(a)=1Qza,

(©) Z ri(h)l(h)=e(h),

(@) Zr(h)®p i(h) @ L(h), = Z r(h) Qs li(h) Q hy,

() Zri(h)y®p li(h)®ri(h), =2 ri(hy) p li(h) B S(hy),

(f) Zr(hh)Qpl(hh) =2 ri(h,)rj(h)®3 lj(h)li(h,),

(8) Z ri(hy) Qg li(h))ri(h) s [i(hy) = Z r(h) Qs 1 Qg li(h).

ProoF. (a) and (b) follow from the definition by applying can. The
multiplication map factorizes as (id ®¢) can. This proves (c). To prove (d),
apply can ®@id and use the collinearity of can as described in 1.1(b). Similarly,
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(e) follows from the collinearity of can in the sense of 1.1(a). Finally, to prove
(f) resp. (g), apply can resp. (can ® id) (id ® can) and use (d).

Let a: H — k be an algebra homomorphism and N a left 4-module. Then
o A=A, ala):=Zapla), is an algebra isomorphism (with inverse
ag;(a)=Z ap(S(ay))), and N will denote the 4-module induced by «,, i.e.
N = N as k-module with 4-module structure (a, n) — a,(a)n.

3.5. CorOLLARY. Let X and Y be left A-modules. For all p EHomg(X, Y)
and h€H definep ch: X—Y by (p c h)(x):= Z ri(h)p(i(h)x), xEX. Then

(1) Homg(X, Y) is a right H-module.

(2) Homg(X, X) is a right H-module algebra.

(3) For any algebra homomorphism o:H—k and ¢ EHomg(X, Y) the

Jollowing are equivalent:
(@) Forall hEH: ¢ o h = gpa(h).
b) ¢: X— .Y is A-linear.
(4) Hom,(X, Y) =Hom(X, Y)¥ (:={pEHom(X, Y)|f0r all heH:
g oh = ge(h)}).

Proof. (1) Let 9 €EHomg(X, Y). Since ¢ is B-linear, (¢ o h)(x) is well-
defined. By 3.4(2)(a), ¢ oh is B-linear. By 3.4(2)(f) and (c), ¢ o (hh") =
(poh)eh’and o1 =1p.

(2) By 3.4(2)(g) and (c), (pw)oh =Z(p o h))(w o h,) and id o & = id e(h).

(3) (a)=(b): By 3.4(2)(b), for all a €A and xE X:

p(ax) = Z aori(a)e(li(a)x)  (by 3.4(2)(b))
= 2 agl9 ° a1)(x)
= 2 apa(a)e(x) (by (a))
= a,(a)p(x).
(b)=(a): Forall tEH and xE X:
(¢ o )(x) = Z ri(h)p(li(h)x)

= Zri(Ml(h)all(h))e(x)  (by (b)),

=2 e(h)alh)e(x) (by 3.4(2)(d) and (c))

= alh)p(x).

(4) follows from (3).
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REMARK. Take 4 = Hin 3.5. Then (¢ ° g)(x) = g~ '¢(gx) for all group-like
elements g € H. Hence, 3.5 specializes to the well-known operation of group
elements on homomorphisms by diagonal action in representation theory of
groups. Of course, 3.5 holds for arbitrary (not necessarily faithfully flat) Hopf
Galois extensions.

3.6. THEOREM. Assume situation (S). Then the following are equivalent:

(1) M is stable.

(2) E’' CE is an H-crossed product (i.e. there is a right H-collinear and

invertible map J : H — E).

ProoF. (1)=(2); By assumption, there is a left B-linear and right
H-collinear isomorphism ®:AQ@;M—-MQOH. Let ¥Y:=®"! Define
g:AQyM—M by q=(1d®e&)P. Then ¢ is B-linear, and ®(a Q®m)=
Zq(ap®m)Q®a,. Define J,J’ : H—E by

J(Y(1 QR m):=¥(mQh),
J'(hY1@m):=Zr(h)®q(li(h)@m).
Then J is H-collinear, since ¥ is H-collinear, J’ is well-defined, since the
right-hand side is B-linear in m by 3.4(2)(a). It remains to prove that J’ is *-
inverse to J.
Forall h€H and meM:
(J7 *JXhY1L @ m) = Z J(ho)(J'(h)(1 @ m))
= Z r;(h)J(h)(1 @ q(li(h,) ® m))
=Z ri(h)¥Y(ql;(h)@m)Qh,)
=2 r(M¥(Uih)®@m)®L(h))  (by 3.42)(d))
=eM)1Q@m (by 3.4(2)(c)).

To prove J’ xJ = ne, write ¥(m Qh) =3 a,®m;in A ®; M. Then
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(J+J'Nh)(A®m)=Z J'(h)(J(h)(1 ® m))
=Z J(h)¥Y(m Qh))
=3 Ja; ) a;,® m;) (since ¥ is collinear)
= 2 ajori(a;) ®q(l(a;)) @ my)
=2 1Qq(a; ®m;) (by 3.4(2)(b))
=1Qq(¥(mQh))
=¢(h)1 Qm.

(2)=(1); By (2), there is an H-collinear and invertible map J: H —E. Let J/
be * -inverse to J. Define q: A ®; M — M by the equation

ZJ(a)(a,®m)=1QRq(a®m) inAQM.

Then define ®: AQ;M > MQOHand ¥ MQOH - AQ; Mby D(a®@m):=
T q(a,®m)Qa,, ¥(m ®h) :=J(h)1 @ m). Since J is collinear, forall A EH,
Ag(J'(h))=Z J'(h))® S(h)) (cf. [9], 3.2). Hence Z J'(a,}(a;,®m) is an H-
coinvariant element of N = 4 ®, M, since

An(Z (a,®@m)-J(@)) = 2 (ay®m)-J'(a) @ a,S(a)) = Z (2, @ m)-J(a) B 1.

Therefore, by 1.3(5), g is well-defined and B-linear. Now it is easily checked
that @ and ¥ are inverse isomorphisms.

The constructions in the preceding proof are similar to [21], 2.1, 2.2. As the
referee pointed out, the implication (2)=>(1) in 3.6 can also be derived from
[9], 3.6 (applied to A:=H, B:=E), since AQ;Mc.#% by 3.1, and
(A Qs M) ¥ = M by 1.3(5).

The next corollary shows that stability over a pointed Hopf algebra H can be
split into two conditions (a) and (b): If H is irreducible, then (b) trivially holds.
If H is a group algebra, then (a) is always true. 3.7 answers a question of
Takeuchi.

3.7. COROLLARY. Assume situation(S). Ifk is a field and H is pointed, then
the following are equivalent:
(1) M is stable.
2) @) M—=AQyM, m— 1Qm, is a B-split monomorphism.
(b) For all group-like elements g of H, M = A, ® M as left B-modules.
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ProoF. (1)=(2): By (1) and 3.2(5), there is a left B-linear and right H-
collinear isomorphism ® : 4 @; M — M Q@ H such that ®(1 @ m)=m @1 for
all m € M. In particular, (a) holds, since M =M QH, m — m @1, is a B-split
monomorphism. By 1.3(3), ® Oy kg induces the isomorphism 4, &3 M —
M @kg. This proves (b).

(2)=(1): Let Hy=k[G] be the coradical of H, G the set of group-like
elements of H. Define A, = A(H,). Then, by [22], 3.11(2), B C A, is a right
H,-Galois extension and 4, is faithfully flat as right B-module. The direct sum
of the isomorphisms in (b) shows that M is A;-stable. Hence, by 3.6, there is a
right Hy-collinear and invertible map J,: Hy— E, := End, (4, ®5 M)®. By
(a) and 3.3, E is an injective H-comodule (note that the antipode of H is
bijective since H is pointed). Therefore, the H-collinear map H, L E,C Ecan
be lifted to an H-collinear map J: H — E. Then J is invertible, since J | H,=
Jy is invertible. Hence, by 3.6, M is A-stable.

3.8. REMARK. Assume situation (S). One can check that the constructions
in the proof of 3.6 give a bijection between
(a) all B-linear maps q: A &z M — M which define an 4-module structure
on M extending the given B-module structure on M, and
(b) all k-linear maps J’ : H — E such that Ag(J'(x)) = Z J'(x;) @ S(x,) and
Jxyy=Jr»)J'(x),J(1)=1forall x,yEH.
Therefore, if the antipode of H is bijective, there, is an 4-module structure on
M extending the given B-module structure if and only if E C E is a trivial
crossed product, i.e. there is a right H-collinear algebra map J: H — E (define
J:=J'S™h.

4. The stabilizer

Let k again be a field. If R is an algebra and T a coalgebra, then z.#0d” will
denote the category of (R, T)-bimodules X, i.e. of right 7-comodules which
are left R-modules such that the comodule structure map Ay is R-linear, that is,
Ax(rx)=Z rx,®x, forall rER and x €X. If M is a left R-module,and SC T
a subcoalgebra, then M ®S is an (R, T)-bimodule in the natural way
(rim®s):=rm®s and Aygs(m @s)=m @A(s) define the module and
comodule structure). If f: S — T is a coalgebra map, and X € .#0d”, then
X0O; S € gMod® as submodule and subcomodule of X @ S (cf. [22]).

The stabilizer as a coalgebra exists in the general context of (R, T)-bi-
modules. This is shown in the next theorem generalizing [12].
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4.1. THEOREM. Let R be an algebra, T a coalgebra, M a left R-module and
XEgMod?.
(1) Let S C T be a subcoalgebra and ® : M @ T — X an isomorphism in g.#0d”.

(@) Then O MQOS=MQ TEITSQES X0OrS is an isomorphism in
rA0d°, where the first map is the canonical isomorphism defined by
the diagonal of S.

(b) If ¥: M Q@S — X0O,S is any isomorphism in g #0d>, then there is
an isomorphism @ :MQT—X in gMod” such that ¥ =5
(defined as in (a)).

(2) Assume X is injective as right T-comodule. Then the sum of all subcoalge-

bras S C T such that M @S = X[O; S in g.#0d® is a subcoalgebra of T

having the same property.

Proor. (1)(a)is obvious. To prove (1)(b), write T, = S, C, where S; and
T, are the coradicals of S and T, and C is the sum of the simple subcoalgebras
of T not contained in S. Then D:=8 + C =S @ C, and the direct sum of ¥
and ®O; C defines an isomorphism A: M Q@D — X[O; D in z.#0d”. Now
X =M ®T is injective relative to R-split monomorphisms in .#0d”, since
R-linear and 7-collinear maps into M & T are given by R-linear maps into M.
Hence there is a map @’ of (R, T)-bimodules such that the following diagram
of (R, T)-bimodules commutes:

A

MQ®D Xo;D
MIT—X X

where the vertical maps are the canonical inclusion maps. Note that the
inclusion M @ D — M Q T is an R-split monomorphism of (R, T)-bimodules.
By the commutativity of the diagram, the composition

0D

M@D=MQTO; D

XOrD

is the isomorphism A. In particular, since S CD and T, C D, ®; =Y, and
&’ O; T, is identified with the isomorphism A O, 7,. Hence, @’ is bijective,
since M ® T is an injective T-comodule (cf. [22], 1.2(1)).

(2) (a) Let C and D be subcoalgebras of 7, and ¥ M C=X0O;C in
gA0odC, Y : M QD =X0O;Din g#od’. Then M @(C + D)= X0, (C + D)
in g #0dc*2,
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ProoF. By (1), one can assume that ®q.p =Y-~p (replace ¥ by an
extension of ®. ). The usual exact sequence 0—C N D L CcxDEC+
D=0, i(t)=(,—1), p(c,d)=c +d, is exact in the category of left 7T-co-
modules. Hence,

0-MRCND)-(MIIC)ODMOD)-MQOQ(C+D)—0
and

0—-XO,(CND)—~(XO:C)D(XOrD)— XOr (C +D)—0

are exact, since X is coflat ( = injective) as right 7-comodule. The isomor-
phism ® D ¥ between the terms in the middle induces an isomorphism of the
kernels, since ®c.p=Y¥cnp. Therefore, ®DY induces an isomorphism
between M @(C + D) and X0y (C + D) in g #0dc 2.

(b) Consider the set of all pairs (C, ®), where C C T is a subcoalgebra, and
®: MQC—X0O;C is an isomorphism in z#od€. If (C, ®) and (D, P) are
two such pairs, define (C, ®) = (D, V), if C is contained in D and ® is the
restriction of ¥. By Zorn’s lemma, there is a maximal pair (S, ®). If (D, V) is
any pair, then there is an isomorphism @ : M Q(S + D)= X[, (S + D) in
rAM0d°*P by (a), and, by (1) (replace X by XUy (S + D)), one can assume that
(S, D) = (S + D, ¥'). Hence, D C S by the maximality of (S, ®).

The following abstract theorem on (R, T)-bimodules is the main technical
device to show that the stabilizer is a bialgebra. The proof generalizes ideas of
Greipel [12] and uses a simplification due to Takeuchi.

4.2, THEOREM. Let R be an algebra, S and T coalgebras, and - S—T a
surjective coalgebra map. Let X € p.#0d", and assume X is injective as right
T-comodule. Let M be a left R-module. Assume one of the following conditions:

(a) S is pointed.

(b) There is a field extension k C k’ such that S @ k’ is pointed, and M is an

R-module of finite length.
IfMQ®S=X0O;S in gtod®, then MQOT =X in gMod” (here, S is a T-
comodule via f).

ProoF. By 4.1, it suffices to show that M ® T’ = X[, T” in z.#od” for all
finite dimensional subcoalgebras 7’ C T. Therefore, one can assume that S is
finite dimensional, hence pointed after some finite field extension. Then it is
enough to consider only the case when S is pointed. This follows from the
theorem of Deuring-Noether. Assume (b). M @ T* and XO, T’ are (R, T")-
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bimodules or equivalently left R ® 77*-modules, and M ® T has finite length
over R®T’*. Therefore, the RQ T'*modules M Q@ T’ and XD T’ are
already isomorphic if they become isomorphic after some finite field exten-
sion. The proof of 4.2 (under the assumption that .S is finite dimensional and
pointed) proceeds by induction on the dimension of S.

Take a maximal subcoalgebra C C S. Then C has codimension 1 in S (the
minimal ideals in S$* are 1-dimensional, since S*/Ra(S*) = k" for some 7). If
AC)=T, then M @ T = X by induction hypothesis. If D:= f(C) # T, then
the surjective map f induces an isomorphism S/C — T/D, since S/C is
1-dimensional. Therefore, the kernel of flies in C. Let I be the kernel of f. By
induction, there is an isomorphism ® : M Q@ D — X O, D in z.#0d”. Define ¥
as the composition

®0C

M C=M@DO,C

Since M ® S = X0O; S, by 4.1, there is an isomorphism ¥ : M ® S = X[, S
in g#0d® such that ¥ = ¥,.
Consider the exact sequences in z.#od”

X0, DO, C=X0;C.

0-MRI- MRS, MRT—0,
OQXDTI_’XDTS_’XDTT’EX_’O.

The lower sequence is exact, since X is coflat as 7-comodule. It suffices to
show that the isomorphism ¥ between the terms in the middle induces an
isomorphism of the kernels. Take elements m €M and s €. Since ¥z =¥
andICC,

Y(m®s)==2Z(1Q®e)D(m Q f(5,)) A s,.

Hence, (1® ¥ (m Qs) =0, since Z f(5,)®s5,ET ®I. Therefore, ¥ maps
M QI into X[, 1. Similarly, one shows that the inverse of ¥’ maps XOr/
intoMQ®I.

Now consider again the H-Galois extension B C A4 of Section 1.

DEFINITION. Let M be a left B-module.
(1) Let C C H be a subcoalgebra. C is said to stabilize M if

M®C=A(C)® M in z.#odC.

(2) Let St(M, H) be the sum of all subcoalgebras C C H which stabilize M.
H, :=St(M, H) is called the stabilizer of M in H.
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The next lemma generalizes the isomorphism 4, ®; 4, = 4, of 1.5.

4.3. LEMMA. Assume the situation of the definition. Let C and D be
subcoalgebras of H. Consider C @ D as left H-comodule via the coalgebra map
C ® D — H defined by mutliplication. Then

A(C)QAD)—=AO4(CROD), x®y > 2 X1, ®x,Qy,,
is a left and right B-linear isomorphism.

Proor. Let ® be the above described map. Obviously, ® is well-defined
and B-linear, where A, (C ® D) is a B-bimodule by multiplication on 4.
Since Ap is faithfully flat, it is enough to show 4 @, ® is bijective.

For any left H-comodule V, the map

ARy UOE N=(ARpA) Oy V=AQHO, V=AQV,
2xQ®y; Qv Zxy;Qu;,

is an isomorphism, since A; is flat. Applying this map twice, first to V =C
and then to V=D, gives an isomorphism 4 @, (40, C)Q®(40,D)—
AQ CQ®D. This isomorphism can be identified with 4 ®; ®.

4.4. THEOREM. Let M be a left B-module and H,, the stabilizer of M in H.
(1) Hy is a subcoalgebra of H, and any subcoalgebra of Hy, stabilizes M.
(2) Assume one of the following conditions:
(a) H is pointed.
(b) Thereis a field extension k C k’ such that H Q k' is pointed, and M is
a B-module of finite length.
Then Hy is a Hopf subalgebra of H .

Proofr. (1) follows from 4.1 and 1.3(3), where R:=B, T:=H and
X:=A4 ®BM
(2)(1) Define C:= H,,. By 4.3,
AC)BpA(C)=A0(CRC), xBy > Zx®x, By,

is a left and right B-linear isomorphism. Hence, by tensoring with A
one obtains



218 H.-J. SCHNEIDER Isr. J. Math.

ARy M)Oy(CRC)=(AT,(CRC)R® M (by 1.3)
=A(C)®p A(C)Qs M (by 4.3)
=AC)®s MR C (since C stabilizes M)
=MQCRC (since C stabilizes M).

It can be checked that this isomorphism is a morphism in z.#0d“®°.

Now apply 4.2 where R:=B, S:=CQ®C and T:= C-C as subcoalgebra
of H, f is the multiplication map and X:=A(T)&@z; M. By 1.3(3), X =
(A@z M)O, T is injective as right 7-comodule. Then, by 4.2, M QT =
A(T)®5 M. By definition of the stabilizer, this means 7 = C - C is contained
in H; = C. Thus the stabilizer is a subbialgebra of H.

(ii) The subbialgebra H,, of H is a Hopf subalgebra if the antipode §
of H maps the coradical of H into H,. This means: For any finite dimen-
sional subcoalgebra C of the coradical of H, there is an isomorphism
ASC)Q M =M@ S(C) in g#od?. Take any such C. By assumption,
there is a finite field extension k’ C k such that C @ k’ is pointed. Hence, by
Deuring-Noether as in the proof of 4.2, one can assume that C is pointed. By
4.1 and 1.3(3), it is sufficient to consider the case C = kg, g a group-like
element in H.

Any group-like element & of H lies in the stabilizer if and only if M =
A, ® M as left B-modules. Therefore, g€ H,, implies M =4, ®; M and
A Qs M = A, Qp A, ® M = M, by 1.5(1). Thus, g~ lies in the stabilizer.

4.5. LEMMA. Under the assumptions of 4.4, let D C C be subcoalgebras of
the stabilizer Hy, of M. Then A(D)@y M > A(C)Qs M, a@m - a®@m, isa
B-split monomorphism.

Proor. Since C is contained in the stabilizer, there is an isomorphism
D:A(C)RQy M =M QC in gMod. By 1.3(3),

(AC)® M)Oc D = (4 Q@ M)Oy CO D =A(D)Rp M.

Hence, restriction of ® is an isomorphism A(D)®z; M — M @ D. Therefore,
AD)® M — A(C)Q®y M is a B-split monomorphism.

Finally, a useful criterion for a coalgebra to lie in the stabilizer will be given
in terms of the splitting condition in 4.5.

4.6. THEOREM. In thesituation of4.4,let C C H be a subcoalgebra. Then C
is contained in the stabilizer Hy of M if and only if
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(a) the coradical C, of C is contained in Hy, and
(b) the inclusion map A(Co) @z M —~A(C)Qgy M is a B-split monomor-
phism.

Proor. If C lies in the stabilizer, then (a) and (b) follow from 4.4(1)
and 4.5. Conversely, assume (a) and (b). By (a), there is an isomorphism
Dy A(C)) g M- MQC, in z#od”?. By (b), there is a B-linear map
f: A(C)®p M — M such that f | A(Co) @ M is (1 ® £)®,. Define

D AC)QM—-MQRC by ®a®m):=2 fla,®m)Qa,.

By restriction, @ induces the isomorphism @, But, by 1.3(3),
(A(C)®y M) O Cy= A(Cy) @y M. Thus, ® [0 C, is bijective. Therefore, P is
bijective by [22], 1.2(1), since A(C) ®; M is an injective C-comodule by 1.3(3).
Hence, by definition, C C H,.

4.7. REMark. (1)If Cis pointed, then condition (a) in 4.6 is equivalent to

(a;) For all group-like elements g in C, 4, ® M = M as B-modules.

(2) In the situation of 4.6, let C be a pointed Hopf subalgebra of H. Assume
C is finite dimensional or M is a B-module of finite presentation. Then Clies in
the stabilizer H, of M if and only if the following conditions hold:

(ay) in (1).

(b)) The inclusion map M —A(C)Q; M, mr— 1Q®Qm, is a B-split
monomorphism.

ProoF. This is a restatement of 3.7. C is contained in the stabilizer if and
only if there is an isomorphism A(C)®; M =M @ C in z.#0d°. But, by [22],
3.11(2), B C A(C) is a C-Galois extension, and 4 (C) is faithfully flat as right
B-module. Hence, by 3.7, M is A(C)-stable if and only if (a,) and (b,) hold.

4.8. REMARK. (1) Assume the antipode of H is bijective and B C A4 is an
H-crossed product, i.e. there is a right H-collinear and invertible map j : H —
A.Letj’bex*-inversetoj,andlet HQB =B, h Qb > h(b):=Z j(h)bj'(h,),
be the induced action of H on B. Then

h(bb") = Z hi(b)h(b)),  h(1)=e(h)1,

but in general this action does not define an H-module structure on B.
Let C C H be a subcoalgebra. Then the induced module can be described as
follows:
AC)QyM =M QC) in god",



220 H.-J. SCHNEIDER Isr. J. Math.

where (M ®C) is M@ C as k-module and C-comodule, and where the
B-module structure o is twisted: b e (m Q@) :=Z (S~ '(h))b)m Q h,.

This follows from the isomorphism BROH — A4, b®h — j/(S~'(h))b. (The
inverse map is given by a — Z j(S'(a,))a,® a,.)

Let (C®M) be CQOM as left-comodule with the following twisted B-
module structure c:bo(h@m):=Z h, ®hy(bym. Then C stabilizes M if
and only

COM=(C®M) in§.«.

This is clear from the above description of the induced module, and for the
following reason: Any isomorphism (M @ C)>MQC, m@h— Zp(m Qh)Q
h,, induces the isomorphism (C®M)— CQOM, hQm > Z h® p(m Q S(hy)),
and conversely.

(2) Assume now that A4 is a cocommutative Hopf algebra, B a normal Hopf
subalgebra and H = A := A/AB* the quotient Hopf algebra as in example (4)
of the introduction. Assume that B C 4 is an H-crossed product as in (1) (this
holds, for example, if 4 is pointed or B is finite dimensional, cf. [22], Th. III).

Let C C H be a subcoalgebra which stabilizes M. Then D:=A(C) is a
subcoalgebra of 4 and

(DAMY=DQ@M inl3.40d,

where (D®M) is D ®M as left D-comodule with the following twisted
B-module operation

o:bo(a®@m):=Za,®1(a;,@b)m, A(a®b):=Z a,bS(a,).
A A

Since B is normal in 4, 1: A ® B — B is well-defined.

Proor. By (1), (C®M)=CQ®M. Cotensoring with Ay- yields an
isomorphism (D ® M) = D @ M in .#0d. Here, the twisted B-module struc-
ture on (D@M) is bo(a®@m):=2a,@a(b)m. D =A(C)=A0,yC is a
subcoalgebra since 4 is cocommutative. It remains to show that ;(D @ M) =
(D ®M).

The map f: A — B, f(a):=Z j(@,)S(a,), is well-defined, since B = A°¥H,
Then ;(DRM)—=(DRM), a®m > Z a,® fla,)m, is an isomorphism in
2#Mod.

(3) In the situation of (2), Greipel [12] defined the stabilizer 4, of M
as the sum of all subcoalgebras D C A4 such that ,(D @ M)=D Q@ M in 2. #0od.
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(He used A’ instead of A, where A(a®b):=Z S(a,)ba,. Note that
A(DRM)=,(DOM),a®@m — S(a)®m.)

To prove that A4, is a Hopf subalgebra of 4, he used the fact that A defines an
A-left module structure on B. Since the above operation of H on B in general
does not define an H-module structure, Greipel’s theory cannot be applied to
the more general situation of the H-crossed product in (1).

(4) If H is a group algebra k[G], then clearly H, = k[G], where G is the
stabilizer as defined by Dade [5], cf. [4], p. 269, for strongly graded algebras:

G.={g€G |4, ®s M =M over B}.

IfI” is a normal subgroup of a group 'and G :=T/I", B:=k[I"] C 4 := k[I],
then G is the quotient group I',/I”, where I, is the usual stabilizer

Iy:= {yEI’I,MzMover k[I}}.

(5) Let k be a field of characteristic 0, g a Lie algebra and ¢’ C g a Lie ideal.
Define B:= Ug’ C A:=Ugand H:= Ug/g’. Then H, = Ug, /g, where g is the
stabilizer of M in the sense of Blattner [2], cf. [8], 5.3.

(6) In the situation of example (3) of the introduction, let M be a finite
dimensional left G’-module. Equivalently, M is a left B-module. Let G, be the
stabilizer of M as defined by Voigt in [28], 1.3. Then one can show that
A(Hy) = H(G,), in other words, Hy is the cocommutative Hopf algebra of the
quotient group scheme G/G,,. More generally, in another paper the stabilizer
for cocommutative Hopf algebras will be characterized functorially.

5. Induction of simple modules

In this section, Blattner’s irreducibility criterion [2] will be proved in the
context of Hopf Galois extensions generalizing results of Voigt [28] and
Greipel [12].

5.1. LEMMA. Assume H is pointed. Let M be a simple left B-module and
C C H a subcoalgebra such that A(C)Q®g M is M-isotypically semisimple as left
B-module. Then C is contained in the stabilizer of M in H.

PrROOF. Let g be a group-like element of C. Then 4, ®; M is a B-sub-
module of A(C)®; M. Hence 4, ®; M is isomorphic to a direct sum of copies
of M. But, by 1.5(2), 4, ®5 M is simple. Thus, 4, ®; M = M. Furthermore,
A(Cy)®y M is a B-submodule of 4(C) ®; M, hence a B-direct summand, since
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A(C)®y M is semisimple by assumption. Therefore, both conditions (a) and
{b) in 4.6 are satisfied, and C lies in the stabilizer of M.

5.2. COROLLARY. Assume H is pointed.

(1) Let M be a simple left B-module and X a left B-module which is M-
isotypically semisimple. Then M and X have the same stabilizer in H.

(2) Let N be a left A-module, M a simple B-submodule and X the M-
homogeneous component of the B-socle of N. Let H be the stabilizer of M
in H. Then X is an A(H)-submodule of N.

Proor. (1)Let C C H be a subcoalgebra. If C stabilizes M, then clearly C
stabilizes X = M®, I some set. Conversely, if Cstabilizes X, then 4(C) Q; M is
a B-submodule of A(C)®; X = X & C which is M-isotypically semisimple.
Hence, by 5.1, C stabilizes M.

(2) By (1), A(Hy)®s X = XQ H, is M-isotypically semisimple as left B-
module. Therefore, the image of the multiplication map 4(H,) &z X — N lies
in X, the M-homogeneous component of the socle of V.

5.3. LEMMA. Let M be a simple B-module, g a group-like element of
H and V a k-module. Assume that k is the center of I' .= Endz(M). Con-
sider A,Q; M@V as left BQT-module in the obvious way, where
GRNa®m@v):=ba®y(m)Qv. Then any BQI-submodule of
A, Qs MV is of the form A, @y M Q U, U a submodule of V.

ProoF. In general, if Z is any simple left B-module and D := Endg(Z),
then V> Z ®,» Vis an equivalence between the category of left D°®-modules
and the category of left B-modules which are Z-isotypically semisimple. Now
assume k is the center of D. Then Z is a simple left B & D-module with
endomorphism ring k. Hence, V> ZQ@V is an equivalence between the
category of k-modules and the category of left B ® D-modules which are
Z-isotypically semisimple. By 1.5(2), 4, ®; M is a simple B-module with
endomorphism ring isomorphic to I'. Therefore, the previous remark in case
Z := A, ®p M proves the lemma.

In the next theorem, which is a very general form of Blattner’s theorem [2],
Th. 3, the following notation will be used: If V' is a left B-module and M a
simple left B-module, let So(}V) be the B-socle of V and M-So(V) the M-
homogeneous component of So(V).

5.4. THEOREM. Assume H is cocommutative and pointed. Let G be the set
of group-like elements of H and Hy = k[G] its coradical. Let M be a simple left
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B-module such that k is the center of its B-endomorphism ring. Let H, be the
stabilizer of M in H. Define S := A(H) and Ay := A(H,).
Then A(HoHy) = AoS = 2, A, S, and
(1) (@) Forallg€G: A, Qy M-So(4 @y M) =A,S @y M.
(b) So(A @y M)=A4,S Qs M.
(2) If Q is a left S-module such that Q is M-isotypically semisimple as B-
module (by restriction), then:
(a) Forallg€G: A, Qs M-So(4 Qs Q)= A4, S ®; Q.
(b) So(4 ®s Q) EA()S ®s Q.
(All isomorphisms are induced by the inclusions A,S C A and A4,S C A.)

PROOF. (A) First it will be shown that M-So(4 @; M) =S Q M.

Let X be the M-homogeneous component of the B-socle of 4 @; M. Then
SQOMCXCAQyM, since SM=MQEH, is B-isomorphic to a
direct sum of copies of M. Let I' := Endz(M) be the endomorphism ring
of M. Consider 4 @z M as left B®I'-module with module structure
(b ®yNa®@m):=ba@y(m). Then X is a B @ -submodule of 4 Q; M.

Since the comodule structure map 4 ®; M — A4 Q; M Q H is left B-linear,
X is also a right H-subcomodule of 4 &z M. Define Y:= X/(SQz; M),
a left B @I'-submodule and a right H-subcomodule of (4 ®z M)/(S @z M) =
AIS@ M.

It will suffice to show Y, = 0 for all group-like elements g of H, since this
implies Y, =0, hence Y = 0, or equivalently X = S Q, M.

Let g be any group-like element of H. Then Y, is a B @ I'-submodule of
(A4/S Qg M),. By 1.2 and 1.4(3), the canonical maps

(A/S ®p M), —(A/S), @5 M — A, @ M Q(H/H,),

are bijective. Both maps are clearly B ®TI-linear. Hence, by 5.3, Y, is
B ®@TI-isomorphic to 4, ®; M @ C/H,, where C is a k-submodule of H
containing H,, such that C/H, = (H/Hy),.

Take any c€C. Then A(c)Ec®g + Hi®Q H C C® H. Therefore, A(C) C
C®H. Hence C is a subcoalgebra of H, since H is cocommutative.

Then, by 1.4(1) and (2), the canonical map

A(C)IS ®y M — A, ®, M ® C/H, is bijective.

(Note that ,(C/Hy) = (C/Hy), = C/Hy, since C is cocommutative.)
This means that Y, =(4(C)Qz M)/(S®; M) is a submodule of Y =
X/(S @z M). Hence A(C) &, M is a submodule of X. Then, by the definition of
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X, A(C)®y M is M-isotypically semisimple, and, by 5.1, C is contained in the
stabilizer Hy,, or equivalently, Y, is zero.
(B) Proof of (1)(a): Let gEG. By 1.5(2), A, ®; M is simple over B. Let

Z:=M-So(A®yM) and Z,:=A,®;M-So(4 ®, M).

It follows easily from 1.5(1) that Z, is the image of the multiplication map
A, @y Z ARy M, a®z > az. By part (A), Z=S® M. Hence, Z, =
A(S ®p M) = A(gH,) ®p M, since A, A(H,) = A(gHy) by 1.5(3).

{C) Proof of (1)(b): By 2.1, any simple B-submodule of 4 ®; M is isomor-
phic to 4, ®; M for some g. Hence, by part (B), So(4 &; M) is the sum of all
submodules 4,5 ®; M. But this sum is equal to 4,S @, M, since

A(HOHst) =A(ZggHst) = ng(gHst) = nggS =4,S

by 1.5(4).

(D) Proof of (2)(b): Since H is cocommutative, H is faithfully flat over H,,
(cf. 1.1(4)). By 1.7(1), the inclusion induces an injective map 4,S & 0 —
A®; Q, since 4yS = A(H,H,). Let H = H/HH; .

By 1.6, A ®3 4 = (4 ®; Q) Oy H is a left B-linear isomorphism. In particu-
lar, So(4 ®;Q) is mapped isomorphically onto So((4 ®sQ)0; H)=
So(4 @ Q) O H (note that So(4 ®; Q) is an H-subcomodule of A ® Q).

By (1)(b), So(4 &, Q) = A,S ®; Q, since Q is M-isotypically semisimple as
module over B. Hence, the image of the socle lies in (4,5 @5 Q) O5 H.

But 4,5 ®s Q is B-semisimple as an epimorphic image of 4,5 ®; 0. Hence,
A,S®5Q C So(d ®s Q) and (4,S ®; @) H = So(d ® Q)T H,  since
(4,S ®5 Q) Oy H is semisimple as submodule of 4,5 ®; Q ® H. Therefore,
AyS Q5 @ = So(4 ®s Q), since H is faithfully coflat as left H-comodule.

(E) Proof of (2)(a): Replace So by 4, ®; M-So in the proof of part (D).

5.5. COROLLARY. In the situation of 5.4, assume that M is finitely pre-
sented or H is finite dimensional. Let E:=End,(4 @ M)® and E':=
Endg(M)%®. Then the extension E’ C E is an Hy-crossed product.

PrOOF. By 5.4(1)(a), S ®p M is isomorphic to the M-socle of 4 ®; M.
Hence,

E =Homyz(M, A ®; M)=Homz(M, S ® M)=Endy(S & M).

By [22], 3.11(2), B C S is an H,-Galois extension, and S; is faithfully flat.
Hence, 5.5 follows from 3.6.
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5.6. COROLLARY. Assume the situation of 5.4. Then
(1) If X C A @4 Q is a non-zero A-submodule, then X N 1Q Q # 0.
(2) P — A Qg P defines a bijection between the set of S-submodules of Q and
the set of A-submodules of A ®; Q.
(3) Ends(Q)—End (4 5 Q), f— 1Q, is a ring isomorphism.
(4) If Q is simple over S, then A & Q is simple over A.

PrOOF. (1) By 1.5(2), the quotients of the B-module filtration of 4 ®; Q in
2.1 are semisimple. Since 4 ®; Q is a quotient module of 4 ®; Q, also A Qs Q
has a filtration with B-semisimple quotients. Hence, any non-zero B-sub-
module of 4 ®; 0 has non-zero socle. In particular, there is a simple B-
submodule U of 4 @ Q such that U = 4, ®; M for some group-like element g
of H. Then A,-:U =M is contained in the M-socle of 4 ®; Q. Hence, by
5.42)a), X NS Qs Q # 0.

(2) By 1.7(3), As is faithfully flat. Hence, the mapping P —» A @ P from
S-submodules of Q to A-submodules of 4 Qg Q is well-defined and injective.
To prove the surjectivity, let X be any A-submodule of 4 ®; Q. Define
P:=XN1®; Q. Then A ®; P is a submodule of X, and X/4 ®, P is isomor-
phic to a submodule of 4 ®5 P/Q whose intersection with S Q¢ P/Q is zero.
Hence, by part (1), X =4 Q P.

(3) follows from 5.4(2), and (4) is a special case of (2).

5.7. COoROLLARY. In the situation of 5.4 let
0=X,CX,C---CX,=SQM
be a Jordan-Holder composition series of S Qg M as left S-module. Then
0=AQX,CARX,C -+ CAQ X, =AQ, M
is a Jordan-Holder composition series of A @z M as left A-module.

Proor. Since, by 1.7(3), As is flat, A s X; > A Qs X, , is injective. It
remains to show that 4 ®; X, /X; is A-simple for all ;. By definition of the
stabilizer, S ®; M =M ® H,, as left modules. In particular, S ®; M is M-
isotypically semisimple as module over B. Hence, all quotients X, /X, are
M-isotypically semisimple over B. Therefore, by the irreducibility criterion
5.6(4), A Qs X, , /X, is A-simple for all .
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6. Applications

A ring R is called (semi-) primary if the Jacobson radical Ra(R) is nilpotent
and if R/Ra(R) is (semi-) simple artinian.

6.1. PrROPOSITION. Assume H is finite dimensional and all simple H-
modules are one-dimensional (equivalently, the dual coalgebra H* is pointed).
Let B C A be any (not necessarily faithfully flat) right H-Galois extension. If B
is primary and N is a simple left A-module, then any simple left A-module is A-
isomorphic to N for some algebra homomorphism o : H — k. (See 3.4 for the
definition of ,N.)

ProoF. Since H is finite dimensional, A4 is finitely generated (and projec-
tive) over B (cf. [15] (1.8)). Let X be a simple left A-module. Then zX is finitely
generated and there exists a B-submodule U C X such that X/U is simple.
Since B is (semi-) primary, there is a simple B-submodule V of N. But
X/U =V, since Bis primary. Hence, Homp(X, N) # 0. By 3.5, Homz(X, N) is
a right H-module. Thus there exists a simple H-submodule W of Homz(X, N).
By assumption, W is one-dimensional. Let W = kg, 0 # 9 EW. Theng o h =
pa(h)for all 1 € H, where o : H — kis the algebra homomorphism defining the
one-dimensional representation W. By 3.5(3), ¢ : X — N is A-linear. But X, N
and _N are simple 4-modules. Hence X = N.

If R is a finite dimensional algebra, s(R) will denote the number of
isomorphism classes of simple right R-modules.

6.2. COROLLARY. Assume H is finite dimensional and all simple H-
modules are one-dimensional. Let M be an indecomposable left B-module of
finite length and

AQ;M=D vr,

j=1

n; = 1, V; indecomposable left A-modules, V; &V, for all i # j, the A-Krull-
Remak-Schmidt decomposition of the induced module. If M is stable, then

s =s(H).

In particular, if H is a local algebra, then A ®z M is A-isomorphic to V", for
some indecomposable left A-module V and some natural number n = 1.
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PrOOF. Since M is stable, 4 @z M = M @ H as left B-modules. In particu-
lar, A ®; M is an A-module of finite length. Let E’ C E be the dual endomor-
phism rings as in Section 3. Then E’ C E is an H-Galois extension (even an
H-crossed product) by 3.6. Now endomorphism rings of modules of finite
length are semiprimary (cf. [20], 2.9.10). E’ is local, hence primary, since M is
indecomposable. By 6.1, the number of isomorphism classes of simple left E-
modules is = s(H). Therefore, in a Krull-Remak-Schmidt decomposition of
E, the number of isomorphism classes of the indecomposable direct sum-
mands is = s(H). This proves 6.2, since the functor X — Hom,(N, X),
N:=A4Q®z M, from the category of left 4-modules which are isomorphic to
A-direct summands of N* for some ¢ to the category of finitely generated and
projective left E-modules is an equivalence (cf. [4], (6.3)).

6.3. REMARK. (1) 6.2 contains as a very special case the following variant
of Green’s theorem ([4], (19.22)) for stable modules in [14]:

Let G be a finite group, G’ a normal subgroup and G the quotient group
G/G’. Consider the special case of 6.2 where B:=k[G’] C 4:=k[G] and
H:= k[a] are the modular group algebras, char(k) = p # 0. If G is a p-group
and M is an indecomposable stable G’-module, then, by 6.2, the induced
module is isomorphic to ¥'* for some indecomposable G-module and some
n 2 1. If M is absolutely indecomposable, then n = 1 by Green’s theorem. But
in general, it is well-known that the case n # | occurs.

(2) In the case of finite group schemes in example (3) of the introduction, 6.2
was proved by Voigt [28], 12.8, for Hlocal and k algebraically closed. Contrary
to the constant case of Green’s theorem, n # | is possible even over an
algebraically closed field (see [28], 12.9).

(3) In the situation of the previous remark, one cannot omit the assumption
that M is stable. An example, where different isomorphism types occur in the
Krull-Remak-Schmidt decomposition of the induced module of an unstable
module (although H is local and & is algebraically closed), was given by
M. Josek. Examples of this type and another proof of 6.1 which works for more
general Hopf algebras will appear in his thesis at the university of Munich.

6.4. COROLLARY. Assume H is finite dimensional, cocommutative and
pointed, and all simple H-modules are one-dimensional. Let M be a simple left
B-module such that k is the center of Endg(M).

(1) The number of isomorphism classes of the indecomposable direct sum-

mands of an A-Krull-Remak-Schmidt decomposition of AQy M is
=s(H).
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(2) All A-Jordan-Holder composition factors of A @z M are isomorphic as
B-modules. If H is local, then they are A-isomorphic.

ProofF. Define E’ and E as before. Let H, be the stabilizer of M and
S:=A(H,). By 5.5, E’C E is an Hcrossed product. Since H, is a Hopf
subalgebra of H, all simple H,-modules are one-dimensional (H¥ is pointed as
quotient coalgebra of the pointed Hopf algebra H*). Hence, (1) is proved in the
same way as 6.2.

To prove (2), let V, and V, be A-composition factors of 4 ®; M. By 5.7,
there are S-composition factors U, and U, of S ®; M such that V; =4 & U,
over A for i = 1, 2. Since H,, is the stabilizer of M, S @3 M =M ® H, over B.
Hence, S ®; M is a “progenerator” in the category € of all left S-modules
which are M-isotypically semisimple as modules over B. Therefore,

X — Homy(S @z M, X)

is an equivalence from % to the category of all left Eg-modules, where
Es:=Endg(S @ M)® (cf. [1], (1.3), [28], p. 121). By 6.1, all simple left
E¢-modules have the same dimension. If H is local, then Hj, is local, and all
simple left Es-modules are isomorphic.

Therefore, any two S-composition factors of S ®; M are isomorphic over B.
If H is local, they are isomorphic over S. Thus, U, = U, over B. Now it follows
from 1.8(2) that A ®; U; = (4 Qs U))", i =1, 2, as B-modules, n:=[H: k].
Then, by Krull-Remak-Schmidt, 4 & U, and 4 & U, are isomorphic over B.
Hence, V, and V, are B-isomorphic. If His local, U, = U, over Sand ¥V, and V,
are A-isomorphic.

6.5. COROLLARY. Assume H is finite dimensional, cocommutative and
pointed, and all simple H-modules are one-dimensional. Assume A is finite
dimensional and B is semisimple with splitting field k. Then all simple A-
modules belonging to the same block of A are isomorphic over B. If H is local,
then all blocks of A are primary.

PrROOF. Let B =@, Be;, ¢ = ¢, € B, Be,; simple over B for all i. Decompose
Ae; =®; Ae;, where the Ae;; are indecomposable left A-modules. It suffices to
show that all A-composition factors of any one Ae;; are isomorphic over B resp.
over A4 in case H is local. This follows from 6.4(2), applied to M = Be;.

6.6. COROLLARY. Assume A and H are finite dimensional and H is irreduc-
ible (as coalgebra, i.e. the dual algebra is local). Let e;, 1 =i = n, be central
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idempotents of B such that 1 = Z, e; and B = ®; Be,; is the block decomposition
of B. Then:
(1) For all i, e; is central in A and Be; C Ae; is a right H-Galois extension.
(2) If Hislocal, then A = @®; Ae, is the block decomposition of A, and if Be; is
primary for some i, then Ae; is primary.
(3) If all simple H-modules are one-dimensional, and if all blocks of B are
primary, then all simple A-modules belonging to the same block of A are
isomorphic over B.

Proor. (1) If e2=¢eE€B is central in 4, then de >A4eQ@H, ae >
T a,e®a,, is an H-comodule algebra, and Be C Ae is a right H-Galois
extension. Hence it remains to prove that 4e;de; = 0 for i # j.

By the general assumption in Section 1, B is a left and right B-direct
summand in A4 (cf. [15] (1.9)). Hence, if e is any idempotent in B, then Beis a
B-direct summand of 4, which is stable by 3.7 and 3.3, since H is irreducible.

Thus, Ae = A4 ®; Be = Be ® H as left B-modules, and Ae and Be have the
same B-composition factors.

Now assume Ae;4e; # 0 and i # j. Then Ae; and Ae; have an 4- and hence
also a B-composition factor in common. Therefore Be; and Be; have a common
composition factor. But this is a contradiction, since Be; and Be; are different
block ideals.

(2) Assume Beg; is primary. Since, by (1), ¢, is central in 4, Ae; is primary by
6.1. By (1), it remains to prove the following: Let ¢? = ¢ €B be central in 4
such that Be is a block in B. Then Ae is a block in 4.

Write Be = @, Bf;, where the f; are orthogonal primitive idempotents in B
and e = Z; f;. Then Ae =, Af,. For all j, Bf; is stable and indecomposable.
Hence, by 6.2, there is an indecomposable 4-module P; such that Af, = P}’ for
some n;. Write Af, =®, Af,,, where the f, are primitive idempotents in 4.
Then P; = Af, for all . It remains to show that f}, and f;, lie in the same 4-block
forallj, kand u, v.

Since f, f; lie in the same B-block, one can assume that Af;, Af, have an
A-composition factor in common, since 4 is flat. Hence, 4f, =P; and
Af, = P, have a common composition factor.

(3) By (1) and 6.1, all simple left Ae;-modules are B-isomorphic for all i.
This proves the claim, since the blocks of 4 are the blocks of the Ae;.

6.7. REMARK. (1) For finite group schemes, see example (3) of the in-
troduction, the above results have the following corollaries (cf. [28],
2.37,2.41):
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(a) If kis algebraically closed, G’ linearly reductive and G/G’ trigonalizable
resp. unipotent, then all blocks of H(G) are full matrix rings over basic
resp. local algebras.

(b) If Gis infinitesimal and nilpotent, then all blocks of H(G) are full matrix
rings over local rings.

Proor. (a)follows from 6.5. Note that a primary algebra is isomorphic to a
full matrix algebra over a local ring (cf. [4], 6.11), Similarly, if k is a splitting
field of the finite dimensional k-algebra R and if all simple R-modules
belonging to the same block have the same k-dimension, then R is isomorphic
to a full matrix ring over a basic algebra S (i.e. S/Ra(S) = k™ for some m).

(b) By the structure theorem in [6], IV, §4, 1.11, there is a (multiplicative)
central subgroup G’ of G such that G/G’ is unipotent. Hence, H(G/G’) is
irreducible and local, and all blocks of H(G’) are primary. Therefore, (b)
follows from 6.6.

(2) However, the block structure of the cocommutative Hopf algebras
H = H(G) in (1) can be derived more easily by looking at the principal block
containing the trivial H-module k (defined by ¢). As in [28], 2.37, cf. [13],[17],
it is sufficient to show for any semisimple normal Hopf subalgebra H’ of H that
the principal blocks of H and of H:=H/HH'* are isomorphic. (Then the
kernel of the principal block is the largest linearly reductive normal subgroup
of G.) This fact can be proved directly in the following way (over arbitrary
fields): Since H’ is semisimple, by [16], Prop. 3 and 4, there is a left and right
integral e of H’ (i.e. xe = e(x)e = ex for all x € H’) such that e(e) = 1. Then
e?=e, and e is central in H: For all x€EH, xe —ex€EH'*H = HH'*, since

e = 1 in H; hence, xe — ex is annihilated by e from the left and the right side,
thus ex = exe = xe. Now 1t is clear that eH —>§, ex — X, is an algebra
isomorphism, since any x € H’* H is annihilated by e. But the principal block
is contained in eH, since there is an element # € H such that e/ is a non-zero
left integral of H (cf. [19], 2.7). In particular, if H is local, then eH = H is the
principal block.
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