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ABSTRACT 

Let Hbe a Hopf algebra over the field k and B c A a right faithfully flat right 
H-Galois extension. The aim of this paper is to study some questions of 
representation theory connected with the ring extension B C A, such as 
induction and restriction of simple or indecomposable modules. In particular, 
generalizations are given of classical results of Clifford, Green and Blattner on 
representations of groups and Lie algebras. The stabilizer of a left B-module is 
introduced as a subeoalgebra of H. Very often the stabilizer is a Hopf 
subalgebra. The special case when A is a finite dimensional cocommutative 
Hopf algebra over an algebraically closed field, B is a normal Hopf subalgebra 
and H is the quotient Hopf algebra was studied before by Voigt using the 
language of finite group schemes. 

Introduction 

Let H be a Hopf algebra over a field k and A a fight H-comodule algebra, i.e. 
A is an algebra together with an H-comodule structure AA : A - -A @ H  such 
that AA is an algebra map. Let B be the subalgebra of  the H-coinvariant 
elements, B:--A~°n: = {aEA [AA(a)---- a ® 1}. Assume that B CA is an H- 

Galois extension, i.e. A ®BA ~ A  ® H ,  x ® y  ~ xAA(y), is bijective, and that 

A is faithfully flat as right B-module. 
A can be viewed as a non-commutative H-torsor over B (cf. [6]). 

The aim of this paper is to study some questions of representation theory 

connected with the ring extension B C A, such as induction and restriction of 

simple or indecomposable modules. 
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The assumptions on the ring extension B C A are strong enough to get 
non-trivial results and general enough to cover many interesting special cases. 

Examples of faithfully flat H- Galois extensions B c .4 include: 

(1) G is a group, G' c G a normal subgroup, G/G' the quotient group and 
B := k[G'] c A := k[G], H := k[G/G'] are the group algebras. 

(2) g is a (p-)Lie algebra, g' c g a (p-)Lie ideal, g/g' the quotient (p-)Lie 
algebra and B := U s ' C A : =  US, H := Ug/g' are the universal 
( p-)enveloping algebras. 

(3) G is a finite group scheme, G' a normal subgroup, G/G' the quotient 
group scheme and B := H ( G ' ) c A  := H(G),  H : =  H(G/G' )  are the 
covariant cocommutative Hopf  algebras of the group schemes. If  Sp(R) 
is a finite group scheme, i.e. R is a commutat ive finite dimensional Hopf  
algebra, then H(Sp(R)) is defined as the dual Hopf  algebra R*. For 
representation theory of finite group schemes see the pioneering work of 
Voigt [28]. 

(4) A is any Hopf  algebra, B a Hopf  subalgebra which is normal (i.e. 
B +A = AB +) and such that A is right faithfully flat over B (this holds, for 
example, if A is pointed or cocommutative or if only its coradical is 
cocommutative [2]) and H : =  A lAB + is the quotient Hopf  algebra. Of  
course, (1) and (2) are examples of (4), and (3) is the special case of (4) 
when A is finite dimensional and cocommutative. 

(5) G is a group, H :=  k[G] the group algebra, A any strongly G-graded 
algebra, B :=  AI (cf. [5]). 

(6) B is any algebra, H any Hopf  algebra with bijective antipode, H acts 
(weakly) on B, a : H ~ H ~ B is an invertible 2-cocycle, and A : = B #~ H 
is the crossed product (cf. [11], [3]). This example generalizes twisted 
group rings and skew group rings. 

(7) A = B #o H as in (6), but replace B by B #~ H '  and H b y  H / H H '  +, where 
H '  c H is a normal Hopf  subalgebra as in (4). 

It is the philosophy of this paper that theorems become more general and 
proofs more natural if one studies faithfully flat Hopf  Galois extensions in 
general instead of any one of the above examples. Very often, the methods of 
proof  in the general case are very different from those of  various particular 
cases. Sometimes, only a weakened version can be generalized, and the proof  
of  an easy statement in a special case can be quite hard in general. 

Most of the following depends on technical properties of Hopf  Galois 
extensions proved in the first section. 



198 H.-J. SCHNEIDER Isr. J. Math. 

In Section 2, a weakened version of the classical theorem of Clifford on 
restriction of simple representations is proved: I fN is a simple A-module, then 
Nneed not be semisimple over B, but still its B-composition factors are of the 
form A s @s M, g a group-like element of H (2.2). Here M is assumed to be a 
simple B-submodule of N, H is pointed and Ag := {a EA ] AA(a) = a ®g}. In 
the situation of example (3), 2.2 was proved by Voigt [28], 9.6, 9.7 and 9.8, in 
case H is irreducible, and in the more special case of p-Lie algebras by 
Diethelm-NOssli in her thesis [7], Satz 3.6. 

In Section 3, the notion of a stable B-module is introduced (cf. [4], p. 269, 
for group algebras). I fM is B- finitely presented or H is finite dimensional, then 
the main Theorem 3.6 characterizes stable modules as follows: M is stable if 
and only if the A-endomorphism ring of the induced module A @s M is an 
H-crossed product over the B-endomorphism ring of M. In the case of strongly 
G-graded algebras, 3.6 was proved by Dade [5], 5.24, generalizing previous 
results of Tucker, Conlon and Ward (cf. [4], § 11C). In the situation of example 
(3), the implication of 3.6 where M is assumed to be stable was proved by Voigt 
using another description of stability and of crossed products (in the theory of 
group schemes). His proof [28], 12.6, is completely different from the general 
Hopf algebraic proof below. 

In the next section, the existence of the stabilizer as a Hopf algebra is shown 
in the general case under rather weak assumptions (4.4). This was done by 
Voigt [28] for finite group schemes over algebraically closed fields (showing the 
representability of the corresponding functor), and by Blattner [2] for Lie 
algebras. In the group algebra case, the existence of the stabilizer is evident. In 
the general case, however, this is a non-trivial fact. The proof of 4.4 uses ideas 
of Greipel in his thesis [ 12], together with a simplification due to Takeuchi. It 
will be shown in another paper that 4.4 implies a general representability 
theorem if H is cocommutative. 

In Section 5, induction of simple B-modules is studied. The main result 5.4 
is a general version of Blattner's basic irreducibility criterion [2], Th. 3, for Lie 
algebras over algebraically closed fields in characteristic 0. Here, the Hopf 
algebra H is assumed to be cocommutative and pointed. 5.4 was proved by 
Voigt [28], 9.13, for finite group schemes over algebraically closed fields. Then 
Greipel [12] proved 5.4 for (not necessarily finite dimensional) co- 
commutative pointed Hopf algebras B c A, B normal. The proof of 5.4 in the 
general case is inspired by Greipel's procedure. As a corollary of 5.4, it is 
shown in 5.7 (as in [28]) that the computation of the Jordan-H61der com- 
position series of the induced module can be reduced to the stable case. 
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However, the role of the stabilizer in the determination of a Krul l -Remak-  

Schmidt decomposition of the induced module seems to belong to the my- 
steries of the general (non-group algebra) case. 

Finally, in the last section, some applications are given. The main result 6.2 
is a version of Green's indecomposability theorem (cf. [4], (19.22)) for stable 

modules (see 6.4 for the case of simple modules). Here, the Hopf algebra H is 
assumed to be finite dimensional and local (or, more general, H* is assumed to 
be pointed). Again, in the situation of example (3) when G/G' is unipotent, 6.2 

was obtained by Voigt [28], 12.8, in a completely different way. Furthermore, 

some results on the block decomposition of  A are derived in 6.5 and 6.6 

generalizing statements of Morita [17] on the blocks of group algebras and of 

Voigt [28]. 

1. Conventions and technical results 

Let k be a field and ® = t~,. All algebras and coalgebras will be defined over 
k. Let H be a Hopf  algebra, A a fight H- comodule algebra and B :=  A ¢°n. Bd/l 
will denote the category of left B-modules. If M is a left B-module, then 
the induced module A ®B M is a Hopf module in a ~ n ,  where a ®B m 

Z a0®B m ® al is the H-comodule structure of the induced module. A Hopf 
module in a~ /~  resp. ~ a  n is a right H-comodule N which is also a left resp. 

right A-module such that the comodule structure map A N : N - "  N ® H  is 

A-linear, i.e. (in Sweedler's notation) A~v(an)= Y. aono®aln~ resp. AN(na)= 

Y-, noao® n~a~ for all a CA and n E N(cf. [22]). Morphisms of Hopfmodules are 
A-linear and H-collinear maps. 

1.1. REMARK. (1) The canonical map can:A ®BA ~ A  ® H ,  can(x®By)=  
Y~ Xyo®Yl, is a morphism of Hopf modules in A~/n and in J/A n, where 

(a) A ®BA and A ® H  are Hopf modules in A J//l n with left A-module 

structures a(x ®BY) :=  ax ®BY, a(x ® h ) := ax ® h and right H-com- 

odule structures x ®BY ~ y, Xo®BY ®Xl, x ®h ~ Y. xo®h2®xlS(hl), 
(b) A ®BA and A ® H  are Hopf  modules in ~ a  n with right A-module 

structures (x ®By)a :-- x ®Bya, (x ®h)a :=  Y. xao®ha~ and right H- 

comodule structures x®By ~ Y-x®BYo®Yl, x ® h  ~ Y.x®hl®h2 
(a,x, y ~ A  and h ~H). 

PRoov. (a) If X is a right H-comodule and Y a left Hocomodule, 

then X ® Y is a right H-comodule by diagonal action in the folowing way: 

x ® y  ~ ~Xo®Yo®XxS(y-1), where Ax(x)= ~Xo®Xx, At(y)  = Z;, y_x®Yo, 
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x ~ X a n d  y E Y. In particular, A @ His  a fight H- comodule as defined in (a). It 
is easily checked that A ®B A and A @ H are Hopf  modules in A.~g/~. The 
canonical map is trivially left A-linear. It is also right H-collinear, since 

Aa®n(Z xyo®Yl) ffi Z XoYo®y3®xlylS(y2) = Z XoYo@Yl @xl. 

(b) is easy to check (and well known). 

(2) If  the antipode of H is a bijective, and B c A  is any right H-Galois 
extension, then the following are equivalent: 

(a) A is faithfully fiat as right or left B-module. 
(b) B is a direct summand in A as right or left B-module. 
(c) A is injective as fight H-comodule.  

PROOV. [22], Th. I; [10], 2.4. 

(3) Let A be a right comodule algebra and assume that there is a right 
H- collinear and invertible (with respect to convolution) m a p j  : H ---A. Define 
B :--A ~°X. Then B c A is an H-crossed product, B #~ H ~--A, b # h  ~ bj(h). 

In particular, B c A is a right H- Galois extension, and A is faithfully flat (free) 
as left B-module. If  the antipode of H is bijective, then A is also right B-free 
(cf. [24], [3], [11]). 

(4) Let A be a Hopf  algebra with cocommutative coradical. Let B be a Hopf  
subalgebra which is normal in A, i.e. B+A = A B  + (B + is the kernel of the 
augmentation map of B). Then A is faithfully flat as left and right B-module. 
Let H : = A / A B  + be the quotient Hopf  algebra and A-- -H,  a ~ ~, the 
canonical map. Then the diagonal of A induces a right H-comodule  structure 
on A by a ~-~ Z a~ ® ~ ,  and B C A is an H-Galois extension. 

PROOF. By [26], Th. 3.1, and [27], Th. 1, A is faithfully fiat over B on both 
sides, and B ~ A  ~°x. Then can:A ®nA-- 'A  ® H  is bijective with inverse 

mapping x @ y ~-~ Z xS (y l )~n  Y2. 

Throughout this paper, the following will be assumed: 

H is a Hopfalgebra and B C A is a right H-Galois extension 

such that A is faithfully flat as right B-module. 

Examples of this situation are given in the introduction (cf. 1.1). 

DEFn~moN. Let Vbe a right H-comodule,  C c H a subcoalgebra and g a 
group-like element of H.  Define V(C) : = A ;  ~ (V @ C) ( ~-- VUIH C), 
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v,:= v(kg)  = {re v [ Av(v) = v ® g } .  

I f  W is a left H-comodule,  define gW:-- {w ~ W ] Aw(w) = g ® w}. 

V(C) is a right C-comodule and an H-subcomodule of V. Note that A (C) is a 
left and right B-submodule of  A. If  H '  c H is a Hopf  subalgebra, then 
B C A(H') is a right H ' -comodule  extension and A(H% is faithfully flat 
([22], 3.11, 2)). 

The following proposition is a fundamental  observation for faithfully flat 
Hopf  Galois extensions. 

1.2. PROPOSITION. Let D C C be subcoalgebras of  H, M a left B-module 
and V a left H-comodule. Then the canonical map 

can: (A(C)/A(D) DM V)®B M ~ (A(C)/A(D)®B M) Dn V, 

can(X ~ ® v i ® m i )  := ~ ~®miv~, is bijective. Here, A(C)/A(D)DH V is a 
B-subbimodule of A ( C)/A (D ) ® V, where b(-d ® v) :=  b-d ® v, (-d ® v)b := ~b ® v 
define the B-module structures, and A ( C)/A (D ) ®B M has right H-comodule 
structure -d @ m ~ X -do @ m @ al. 

PROOF. Since A is right faithfully flat over B, it is enough to show that 
A ®B can is bijective. The canonical isomorphism A ®,  A -~ A ® H induces an 
isomorphism can(C) : A ®B A (C)---A ® C by cotensoring with - DH C. Note 
that (A ®sA)DnC ~--A ®BA(C), since A is B-flat. The same isomorphism 
exists for D. Hence by the flatness of A over B, ep:A ®BA(C)/A(D)--'A ® 
C/D, ep(x ® y )  :=  Z Xyo®~, is bijective. Now it is easily seen thatA ®B can is 
the composition of the following canonical isomorphisms: 

A @n(A(C)/A(D)Dn V)@BM 

((,4 @nA(C)/A(D)) Dn V ) ~ n M  

~((A @C/D) Dn V)@nM 

~-- A @n M @( C/Dl'q n 1I) 

-~((A @C/D)@nM)Dn V 

-~(A @BA(C)/A(D)@BM)Dn V 

mA @B ((A(C)/A(D)@BM) rl n V) 

(since AB is fiat) 

(induced by ~)  

(induced by ~)  

(since AB is flat). 
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1.3. COROLLARY. Assume the situation of l.2. 
(1) A(C)/A(D)E]n V is faithfully flat as right B-module. 
(2) A @s M is faithfully coflat as right H-comodule. 
(3) The canonical map A (C) @s M ---, (A ®s M) E]n C is a B-linear isomor- 

phism, and A ( C) ®s M is injective ( = coflat ) as right C-comodule. 
(4) The canonical map A (C) ®B M---, A ®s M, defined by the inclusion 

A(C) c A, is injective. 
(5) The left B-linear map M---,(A ®sM) c°n, m ~ 1 ®B m, is bijective. 

PROOF. (1) By the proof of 1.2, 

M ~ A @s(A(C)/A(D)I-1 n V ) ® s M ~ A  @sM®(C/DI-1 n V) 

preserves and reflects exactness, since As is faithfully flat. Hence, 
A(C)/A(D) DI~ Vis faithfully flat over B, since As is faithfully flat. 

(2) is proved in the same way as (1), since A ®s ((A ®s M)D/~ V)--~ 
A ~B M @ V (take C: = H and D : = 0 in the proof of 1.2). 

(3) follows from 1.2 and (2). 
(4) follows from (3). 
(5) Let k be the trivial H-comodule. Then, by 1.2, (A®sM)~°n~  

(A ~s  M) Vln k ---- (A l-In k) ~s  M. This proves (5), since A r'ln k = B. 

The next corollary permits the calculation of the B-module structure of 
restricted modules in certain cases. It will be applied in Sections 2 and 5. 

1.4. COROLLARY. Assume the situation of1.2. Let g be a group-like element 

of H. 
(1) A(C) /A (D)~B M-- ' (A ® B M® C / D)  c°", -d®Bm w-> Z a o ® B m ® ~ ,  is 

an isomorphism of left B-modules, where A ®s M ® C/D is a right n-comodule 
in the following way (cf. 1.1): a ®n m ®~ ~ ~ ao®B m ®~®alS(cO.  

(2) (A ®nM®g(C/D)y  °n ~-Ag®BM®g(C/D) as left B-modules. Here, 
A ®nM ®g(C/D) is viewed as a right H-subcomodule of  the comodule 
A ®nM@ C/D in (1). 

(3) I f  C is cocommutative, then A (C)/A (D)g ~B M -* A s @n M ~ (C/D)g, 

a ®n m ~ ~ ao®B m ® ~ ,  is an isomorphism of left B-modules. 

PROOF. (1) The canonical map A ®BA(C)/A(D)@nM---'A ® s M @ C / D ,  
x @B Y @n m ~ Z xyo@B m ® E ,  is bijective (see the proof of 1.2). This map is 
right H-collinear, where the module on the left has the usual H-comodule 
structure defined by AA and the comodule structure on the right is described in 
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1.4. Hence, the above map induces an isomorphism of the H-coinvariant 
elements. By 1.3 (5), the coinvariant elements on the left are A (C)/A (D) ®B M. 

(2) Let Z a~ @B m, ® ~  be an element ofA ®BM®~(C/D). This element is 
H-coinvariant if and only i fZ a,o @B mi ® ~ @ ail g - ~ = ~ ai ®B mi ® ~  @ 1, or 
equivalently, ~ a~o ®B m~ ® ~ ® a~ = Z a~ ®B mi ~ G ~ g. This proves the 
claim, since (A ®n M)g ~=Ag ®B M, by 1.3(3) (take C : =  kg). 

(3) By the proof  of  1.2 (take V :=  kg), the canonical map 

A ®B(A(C)/A(D))g ® B M ~ A  ® B M ~ ( C / D ) ,  

is bijective. Then A (C)/A (D)g ®B M is B- isomorphic to (A ®s M ® (C/D)g)c° H 
by the same argument as before. But (C/D)g = g(C/D), since C is cocommuta- 
tive. Hence, (2) can be applied, and the isomorphism in (3) follows. 

1.5. COROLLARY. Assume the situation of 1.2. Let g, h be group-like 
elements and Ci, i ~ I, subcoalgebras of H. 

(1) The multiplication maps A®BAh-~A and Ag@BAh-~Agh are iso- 
morphisms. 

(2) Bo¢1 --" BJg, M ~-> Ag ®B M, is an equivalence of categories. 
(3) AgA(C) = A(gC). 
(4) ~A(C , )  =A(Y.i 6',). 

PROOF. (1) AS in the proof  of  1.2 (take C:=kh) ,  the canonical map 
A ®n Ah ~ A  ® kh, x ®8 Y ~ xy ® h, is bijective. Hence, the multiplication 
map A ®BAh ~ A  is bijective for all group-like elements h. Therefore, multi- 
plication defines an isomorphism A ®BAg ~B Ah ~ A  ®~ Agh (apply the above 
to g, h and gh). Hence, Ag ®BAh ~Agh is bijective, since AB is faithfully flat. 

(2) By (1), the multiplication maps Ag ®BAg-, --~ B ,  Ag-, ®BAg ~ B are 
isomorphisms, and Ag is an invertible B-bimodule. 

(3) Clearly, AgA(C)CA(gC) for all group-like elements g. Therefore, 
AgAg-,A(gC) C AgA(C). But by (1), AgAg-, = B. Hence, AgA(C) = A(gC). 

(4) Consider the canonical surjective map ~)~ C, ~ Zi Ci. This map is left 
H-collinear. By 1.3(2), A is coflat as right H-comodule.  Hence A Dn (O~ 6",) 
A r-1 n (Zi Ci) is surjective. This proves the claim, since the cotensor product 
commutes  with direct sums. 

In the proof  of the general version of Blattner's theorem in Section 5, the 
following result on induction of modules over A (H'), H '  a t topf  subalgebra, 
will be needed. 
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1.6. PROPOSITION. Let H' C H be a Hopf subalgebra. Assume that the 
antipode of  H" is bijective and that H is faithfully flat as left H'-module. Let 
C c H be a subcoalgebra such that CH' c C. Define A' : = A (H') and H: = 
H/HH'  +. Let Q be a left A'-module. Then A(C) is a (B, A')-bimodule, A ®~, Q 
is a right H-comodule with structure map a @A' q ~ y~ ao @A, q ~ ~ ,  and the left 
B-linear map A(C)@B Q ---~(A(C)~A, Q) E~nH, a @s q ~-~ Z ao~ A, q @a~, is 
bijective. 

PROOF. By [27], Th. 1, d / g , ~ ¢ / ~ ,  X ~-~ X@H, k, is an equivalence 
with quasi-inverse Y ~ YI~HH, since H is left faithfully flat over H'. In 
particular, H is faithfully coflat as left H-comodule, and H @ H'---H ~ H, 
x~y~- -~Zx l@x2Y ,  is bijective, since H@H'@n,k~H~--(HEPHH) 
®H' k. Hence, by cotensoring with Cr'IH-, C ®H'--* C~H H, x ®y 
Z x~®x2y, is bijective. Since the antipode of H' is bijective, C ® H ' ~  
C ® H', x @y ~ Y, xy~ ® S(y2), is an isomorphism. The composition of both 
maps gives the isomorphism • : C ® H ' ~ C ~H H, ~P(x @ y ) := Z Xl y ® x2. 

As in the proof of 1.2, let can(D) : A @BA(D)~A @D be the canonical 
isomorphism. Finally, let ~ be the canonical map in 1.6. It suffices to show the 
bijectivity o f ~  in case Q = A', since both sides o f ~  are right exact functors in 
Q (H is H-coflat) which commute with arbitrary direct sums. 

As before, it will suffice to write A @s ~ as a composition of isomorphisms: 

A ® n A ( C ) ~ B A '  

~ A  ~ n A ' ~ C  

~ - - A ~ H ' ~ C  

-~A ~ C  ® H '  

mA @CEPnH 

(induced by can(C)) 

(permute C and A') 

(induced by can(H')) 

(permute H'  and C) 

(induced by ~F) 

(induced by can(C)) 

(associativity holds, since As is flat). 

1.7. COROLLARY. Assume the situation in 1.6. 
(1) The inclusion A ( C) c A induces an injective map A ( C) @a, Q ~ A @A' Q. 
(2) I f  the antipode of H is bijective, then can':A@A,A-- 'A@H, 

can'(x @A, Y) := ~ Xoy ~ ,  is bijective. 
(3) A(C) is faithfully flat as right A'-module. 

PROOf. (1) follows from 1.6, since A(C)®s Q - , A  @s Q is injective by 
1.3(4), and since H is faithfully coflat as left H-comodule. 
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(2) The canonical map can': A ®n A --- A @ H is bijective, since the antipode 
of H is bijective. Now (2) follows from 1.6 in the same way as (1). 

(3) follows from 1.6, since An is faithfully fiat and H is faithfully coflat 
over H. 

1.8. REMARK. (1) Assume in 1.6 that the antipode of H is bijective. Then 
Aa, is faithfully flat and can': A @a, A ~ A @ H is bijective by 1.7. Therefore, cf. 
[22], 3.7, A' = A  ~T~, and the induction functor A,,//--- A ~¢/~, Q ~-~ A @a, Q, is 
an equivalence with quasi-inverse N ~ N "k .  In particular, Q ~ (A @A, Q)~k. 

(2) Assume in 1.6 that H is finite dimensional. Then H ~ H @ H '  as left 
comodules over H (and right H'- comodules). This follows from the theorem of 
Nichols and Zoeller [18], see [23]. Thus A(C)®n Q ~(A(C)@A, Q)" as left 
B-modules, where n is the dimension of H'. 

2. Restriction of induced and of simple modules 

Let (H,),-_.0 be the coradical filtration of H ([24], §9.1 and §11.1): H0 is the 
coradical, H is the union of the H,, and A(H,) C XP=o Hi ®H~-i.  Hence, the 
comultiplication of H induces a left and right Ho-comodule structure on 
H~+I/H~, n >-_ O. If Vis any right H-comodule, then V~ := V(H,)-~ Vt3HH~, 
n > 0, defines the coradicalfiltration on V. 

2.1. THEOREM. Assume H is pointed. Let M be a left B-module and 
N: = A ®s M the induced module. Let in" A, -" A, n > O, be the inclusion 
maps, where (A.) is the coradical filtration. Then i. ®s M: A. ~s  M ~ A ~n M 
is injective, and N. : = image of in ®n M, n >= O, defines a filtration of N as 
B-module (by restriction) such that A @ s M =  I.J.N.. and each quotient 
iV. + I/N. is a B-direct sum of modules isomorphic to A s ®n M, g a group-like 
element of H. 

PROOF. By 1.3(4), i, ~n M is injective. The equality N -- I,J N, follows 
from A =[,JA,.  Take D ' = n n c c ' = n n +  I in 1.4. By 1.4(1), N.+I/N. is 
B-isomorphic to (A ~nM@H,+~/H,)  ~°n. Let G be the set of group-like 
elements of H. Then H,+I/H, = (~g (H,+I/H,) is a decomposition of left 
H- comodules. Hence, 

N.+,/N. ~- ~ (a @BM@g(H,+,/H,) ~°" 
g 

( ~  Ag~BM~g(Hn+~/H,) (by 1.4(2)) 
g 

is B-isomorphic to a direct sum of copies ofAg ~B M, g ~ G. 
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2.2. COROLLARY. Assume H is pointed. Let N be a simple left A-module 
and M a simple B-submodule o f  N. Then there is a sequence 

No c Ni C N2. . . o f  B-submodules o f  N,  N = U iV,, 

such that each quotient 17, + ~/N,, n > 0, is a B-direct sum of  simple B-modules 
isomorphic to A s @B M,  g a group-like element o f  H. 

In particular, i f  N is a B-module o f  finite length, then each B-composition 

factor o f  N is o f  the form A s ®B M,  g a group-like element o f  H. 

PROOF. The multiplication map A ®B M ~ A M  = N is an epimorphism of 
B - (and A - ) modules. Since any A s ®B M is B- simple by 1.5(2), everything 

follows from 2.1. 

2.3. REMARK. Let G be a finite group and G' c G a normal subgroup. Let 

N be a simple left module over the group algebra A := k[G] and M a simple 

k [G']- submodule of N, B : = k [G']. Let ~ be the image of g E G in G/G'. If X is 

any left k[G']-module, let gX be X as k-module with the twisted G'-operation 

(g', x)  ~-~ g-~g'g,  x.  Note that the coset gG ' is a basis ofA~. Thus A~ ~ sk[ G '], 
and A~ @s M ~ , M  as left k [G']- modules. Hence, by 2.2, all G'- composition 
factors of N are of the form gM, g E G. Therefore, 2.2 can be viewed as a 
generalization of a weakened version of Clifford's theorem which says further- 
more that N is semisimple as k[G']-module. 

3. Endomorphism ring of induced modules and stable modules 

In this section, k will be a commutative ring. As always, B C A is a right 

H- Galois extension and A is faithfully fiat as right B- module. 
Assume furthermore the following situation (S): 

Let M b e  a left B- module. Assume Mis  B- finitely presented and H is flat over 

k or H is finitely generated and projective as k-module. 
Let E '  :=  EndB(M) °p and E : =  EndA(A ®n M) °p be the dual endomorphism 

rings. The induced module N : = A  ® n M  is a Hopf module in A~//~ as 

described in Section 1. N is also a right E-module by nF:=  F(n), n E N ,  

F E E .  

3.1. LEMMA. Assume situation (S). Then there is exactly one right H- 
comodule algebra structure Ae on E such that N is a Hopf  module in .1¢~ , i.e. 
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Au(nF) = X no Fo G n l Fl for all n E N and F E E. The algebra homomorphism 
E ' - .  EC°n,f ~-~ id@f,  is bijective. 

PROOF. By assumption (S), the canonical map 

can : Homo(M, N) G H ~ Homo(M, N ® H) is bijective. 

Define Ae as the composition 

E ~ H o m o ( M ,  N) rtom,~M,A,~ Homo(M, N@H) can Homo(M, N ) G H  

~ E @ H .  

By definition, for all F E E  and m E M :  X F0(l ®m)®F~ =- AN(F(1 @m)), 
where AE(F) = Z F0 GFI. Hence, for all a EA: 

Au(F(a G rn)) = AN(aF( 1 ® m )) = X Fo(ao ® rn) G a~ Ft, 

that is, N is a Hopf module. Uniqueness of A E follows from the first equation, 
and it is easily checked that (E, AE) is in fact an H-comodule algebra. 

The mapping from E' to E is injective, since As is faithfully flat. Let Fbe  in 
E. Then F E E  ~°I~ if and only if, for all m EM,  AN(F(1 ® m)) = F(1 ® m) G 1. 
By 1.3(5), M -~ (A Go M) ~°n. Hence, E '  --- E c°n is bijective. 

In this section, properties of the induced module will be characterized by 
properties of the H-comodule algebra E. 

DEFINITION. Let M be a left B- module. M will be called A-stable or stable if 
there is a left B-linear and right H-collinear isomorphism 

A ~ o M ~ M G H .  
Here, 

b(aGsm) :=baGsm a n d a G s m ~ E a 0 G B m G a ~ ,  resp. 

b(m Gh):= bm Gh a n d m ® h  ~ m GA(h) 

are the B-module and H-comodule structures of A Go M (as above) resp. of 
M G H .  

3.2. REMARK. (1) Let G be a group and G ' C  G a normal subgroup. 
Consider the k[G/G']-Galois extension B : =  k[G'] c A  := k[G], Aa(g)= 
g G ~  for all g E G. In this case, M is stable if and only if, for all g E G, M is 
B-isomorphic to the twisted B-module gM. Hence, the above definition 
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generalizes the well-known notion of stable modules in representation theory 
of  groups. 

(2) In the case of finite group schemes (over an algebraically closed field) in 
example (3) of the introduction, M is stable if and only if M is stable in the 
sense of Voigt [28]. This follows from [28], 7.4. 

(3) Assume the antipode of H is bijective. Then any left A-module N is 
stable over B (by restriction). 

PROOF. Since the antipode is bijective, can': A @sA ~ A  @H, x @ y  w-~ 
Z Xoy~X~, is an isomorphism. Hence, tensoring with --@AN gives an 

isomorphism A ®n N ~ N ® H of B- modules and H- comodules. 

(4) Assume in the above definition that M, B and H are finite dimensional 
over the field k. Then the following are equivalent (cf. [28], 7.4): 

(a) M is stable. 
(b) There is a B-linear isomorphism A ® s M  ~ M' for some natural number t. 

PROOF. (a)~(b)  is trivial. (b)~(a):  Let N : = A  ~BM.  By (3), there is a 
B-linear and H- collinear isomorphism A ~n N -- N ® H. By (b), N --~ M t over 
B. Hence, (A ®n M) t ~ (M ® H) t as left B-modules and right H-comodules, 
i.e. as left B ~) /-/*- modules. By Krull-Remak-Schmidt, A ~ s  M ~ M ~ H as 
B- modules and H- comodules. 

(5) If M is stable, there is an isomorphism @ :A ¢ ~ n M ~ M C ~ H  of left 
B- modules and right H- comodules such that @(1 @ m) -- m @ 1 for all m ~ M 
(i.e. @ is M-compatible). 

PROOF. Let ~ : A  ® B M ~ M @ H  be a B-linear and H-collinear isomor- 
phism. Since, by 1.3(5), M ~ (A @s M) ¢°x, the H-collinear map ~ induces a 
B-linear isomorphism f :  M ~ M .  Then (f-1 ®id)O is B-linear, H-collinear 
and M-compatible. 

3.3. THEOREM. Assume situation (S). I f  the antipode of  H is bijective, then 

the following are equivalent: 
(1) M--*A ®nM, m ~ 1 ® m ,  is a B-split monomorphism. 
(2) M is B-isomorphic to a B-direct summand of  an A-module. 
(3) M is B-isomorphic to a direct summand of  a stable module. 
(4) There is a right H-collinear and unitary map J: H--, E. 

PROOF. (1)ffi* (2) is trivial, and (2 )~  (3) follows from 3.2(3). 
(3) •* (4): Let V be a stable left B-module and U a left B-module such that 
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M ~ U ~- V over B. Then E ~ HomB(M, A ~n  M) is an H-comodule direct 
summand of Homn(M, A ~ V), where the comodule structures are defined as 
in 3.1 via the comodule structures of A @s M and A ®n V. Since V is stable, 
Horns(M, A ®s V) is isomorphic to Homn(M, V ) ® H  as comodules, where 

i d ® A  is the comodule structure on the right. Hence E as an H-comodule is 
injective with respect to k-split monomorphisms of comodules. In particular, 

there is a right H-collinear map t,o:E®H---,E such that ~0Ae = id. Hence, 

J: H---,E, J(h) :=  ~o(1 ®h) ,  is right H-collinear and unitary. 

(4)=*(1) (here, the antipode of H need not be bijective): Define 

q : A @n M--- M by the equation 1 @ q(n) = Z no J(S(nl)) in A @s M = N for 
all n ~ N .  By 3.1, 

AN(Z noJ(S(n~))= Z no J(S(n3))@ n~ S(n2)= Z noJ(S(nO)®1. 

Hence q is well-defined, since, by 1.3(5), M -~ (A ~s  M) ¢°n. Clearly, q is left 
B-linear, and q(1 ~ m )  = m for all m ~ M ,  since J i s  unitary. 

Note that condition (1) in 3.3 is clearly satisfied in the special case when B is 
a direct summand of A as a B-bimodule. 

The following notation will be used in the sequel. For any h ~ H choose 
finitely many elements r~(h), l~(h)EA, i ~I ,  such that 1 @h = Z r~(h)l~(h)ot~ 
li(h)l in A t~ H. Note that Z ri(h)@B li(h) is uniquely determined as the inverse 
image of  1 @ h by the isomorphism can: A @s A --  A @ H. 

3.4. REMARK. (1) Take A = H as comodule algebra via A. Then B = k and 
Z r~(h)@li(h) = Z S(h~)@h2. Hence, in general, Z ri(h)@B li(h) should be 
viewed as a substitute of Z S(hO ~ h2 or g -  ~ ~)g, g a group-like element. 

(2) For all h, h '~H ,  b EB and a CA the following identities hold: 
(a) Y, br~(h)@Bli(h)= z r,(h)@Bli(h)b, 
(b) Z aor~(at) ®B/~(al) = 1 ®B a, 
(c) Z r~(h)l~(h) = e(h), 
(d) Z r~(h)~Bl~(h)o@l~(h)l = x r~(hl)@Bl~(h~)t~h2, 
(e) Z r~(h)o@B li(h)@ri(h)l = Z ri(hE)@S l~(h2)t~S(hO, 
(f)  Z r,(hh')~s l~(hh') = Z r~(h')rj(h)~B lj(h)l~(h'), 
(g) Z r,(h,)C~s l,(hl)rj(h:)~n lj(h2)= Z r,(h)C~s l ®s l,(h). 

PROOF. (a) and (b) follow from the definition by applying can. The 

multiplication map factorizes as (id ~ e )  can. This proves (c). To prove (d), 

apply can ® id and use the collinearity of can as described in 1.1 (b). Similarly, 



210 H.-J. SCHNEIDER Isr. J. Math. 

(e) follows from the collinearity of can in the sense of 1. l(a). Finally, to prove 
(f) resp. (g), apply can resp. (can ® id) (id ® can) and use (d). 

Let a : H- - -k  be an algebra homomorphism and N a left A-module. Then 
a A : A - " A ,  a a ( a ) : =  X aoa(aO, is an algebra isomorphism (with inverse 
a£1(a) = X aoa(S(a~))), and aN will denote the A-module induced by aA, i.e. 
flV = N as k-module with A-module structure (a, n) ~ aa(a)n. 

3.5. COROLLARY. Let X and Y be left A-modules. For all ~o ~ HomB(X, Y) 
and h E H define ~o o h : X ---, Y by (~0 o h)(x) :=  Y. ri( h )~o( li( h )x ), x E X.  Then 

(1) Homn(X, Y) is a right H-module.  
(2) Horns(X, X) is a right H-module algebra. 

(3) For any algebra homomorphism ~ : H - ,  k and (o~Homn(X, Y) the 

following are equivalent: 
(a) For all h ~ H :  q~ o h = ~oa(h). 

(b) ~o : X---',, Y is A-linear. 
(4) Homa(X, Y)=  Homn(X, y ) n  ( : =  {rp ~Homs(X,  Y) lfor all h E H :  

o h = 

PROOF. (1)  Let cEHomB(X,  Y). Since ~o is B-linear, (~o oh)(x) is well- 
defined. By 3.4(2)(a), ~o oh is B-linear. By 3.4(2)(f) and (c), ~o o (hh ' )=  
(~o o h )  o h '  a n d  ~o o 1 = (o. 

(2) By 3.4(2)(g) and (c), (~o~t) o h = Z(~o o h~)(~t oh2) and id o h = id e(h). 

(3) (a)=*(b): By 3.4(2)(b), for all a CA and x E X :  

~ ( a x ) = X  aori(aO~(~(al)x) 

= X  a0(~ oaO(x) 

(by 3.4(2)(b)) 

= Z aoa(a,)~o(x) (by (a)) 

= aa(a)~o(x). 

( b ) ~  (a): For all h E H  and x ~X:  

(~o o b)(x)  = X ri(h )~o(l~(h )x) 

= Y, ri(h)li(h)oa(li(h)l)¢(x) 

= X e(h,)ot(h2)(o(x) 

(by (b)), 

(by 3.4(2)(d) and (c)) 

(4) follows from (3). 
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REMARK. Take A = H in 3.5. Then (¢ o g)(x) = g-~o(gx) for all group-like 
elements g E H. Hence, 3.5 specializes to the well-known operation of group 
elements on homomorphisms by diagonal action in representation theory of 
groups. Of course, 3.5 holds for arbitrary (not necessarily faithfully flat) Hopf  
Galois extensions. 

3.6. THEOREM. Assume situation (S). Then the following are equivalent: 
(1) M is stable. 
(2) E' c E is an H-crossed product (i.e. there is a right H-collinear and 

invertible map J: H ---. E). 

PROOF. (1)=o(2); By assumption, there is a left B-linear and right 
H-collinear isomorphism ~ : A ® B M - - ' M ® H .  Let t F : = ~ - l .  Define 
q : A @ B M - - ' M  by q = ( i d ® e ) O .  Then q is B-linear, and ~ ( a @ m ) =  

q(ao®m)~a~ .  Define J,  J '  : H ---E by 

J(h)(l  ® m ) " =  qJ(m ® h), 

J'(h)(1 ® m ) : =  Z r , (h)®q(1,(h)®m).  

Then J is H-collinear, since 'if' is H-collinear, J '  is well-defined, since the 
right-hand side is B-linear in m by 3.4(2)(a). It remains to prove that J '  is *- 
inverse to J.  

For all h E H  and m ~ M :  

(J '  • J)(h)(1 @ m )  = Z J(h2)(J'(hl)(1 ®m) )  

= "£ r~(h,)J(h2)(1 ~ q(li(hO ~ m)) 

= Z ri(hO~F(q(li(hO ® m) ~ h2) 

= Z r~(h)tP(q(l~(h)o®m)@l~(h)l) (by 3.4(2)(d)) 

= Z ri(h)l~(h)®m 

= e ( h ) l t ~ m  (by 3.4(2)(c)). 

To prove J '  • J = r/e, write tP(m t~ h) = Y, aj ~ mj in A ~B M. Then 
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(J  * J')(h)(l ~ m) = Z J'(h2)(J(hl)(l ~ m)) 

= Z J'(h2)(°d(m ~ hi)) 

= X J'(ajl)(ajo ~ rnj) (since • is collinear) 

= Z ajori(ajl) ~ q(li(ajl) ~ mj) 

= Z 1 ®q(aj ~ mj) (by 3.4(2)(b)) 

-- 1 @q(W(m @h)) 

= e ( h ) l  ~ m .  

(2) =* (1); By (2), there is an H- collinear and invertible map J :  H ~ E. Let J '  
be • -inverse to J.  Define q" A ~B M ~ M by the equation 

Y,J ' (a l ) (ao~m)= l ® q ( a ~ m )  i n A ® B M .  

Then define ~ : A ~B M ~ M t~ H and °d" M ~ H ~ A ~B M by ~(a  ~ m) : = 
q( ao ~ m) ~ al, °d( m ~ h) : = J ( h )(1 ~ m ). Since J is collinear, for all h E H, 

Ae( J ' ( h ) )=  Z J'(h2)~S(hO (cf. [9], 3.2). Hence Z J ' (aO(ao~m) is an H- 
coinvariant element of  N = A ~n  M, since 

A~(Z (ao ~ m) .  J'(aO) = Z (ao ~ m) .  J'(a3) ~ aiS(a2) = Z (ao ® m) .  J'(aO ~ 1. 

Therefore, by 1.3(5), q is well-defined and B-linear. Now it is easily checked 
that ~ and ~F are inverse isomorphisms. 

The constructions in the preceding proof are similar to [21 ], 2.1, 2.2. As the 
referee pointed out, the implication ( 2 ) ~  (1) in 3.6 can also be derived from 
[9], 3.6 (applied to A : = H ,  B : = E ) ,  since A ~ s M ~ g ¢  n by 3.1, and 
(A ~ n M ) C ° n - ~ M b y  1.3(5). 

The next corollary shows that stability over a pointed Hopf  algebra H can be 
split into two conditions (a) and (b): I f H  is irreducible, then (b) trivially holds. 
I f  H is a group algebra, then (a) is always true. 3.7 answers a question of 

Takeuchi. 

3.7. COROLLARY. Assume situation (S). I f k  is afield and H is pointed, then 
the following are equivalent: 

(1) M is stable. 
(2) (a) M ~ A  ~ n M ,  m ~ 1 ~ m ,  is a B-split monomorphism. 

(b) For all group-like elements g of  H, M ~-- Ag ~B M as left B-modules. 
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PROOF. (1)=='(2): By (1) and 3.2(5), there is a left B-linear and fight H- 
collinear isomorphism ~ : A ®B M --- M ~ H such that * (  1 @ rn) = rn ~) 1 for 
all m ~ M. In particular, (a) holds, since M--- M ~ H,  m ~ rn ® 1, is a B- split 
monomorphism.  By 1.3(3), • EI,v kg induces the isomorphism A, ®B M--- 
M ® kg. This proves (b). 

(2)=,(1): Let H o =  k[G] be the coradical of H,  G the set of  group-like 
elements of H. Define A0 = A(Ho). Then, by [22], 3.11(2), B c Ao is a right 
H0- Galois extension and Ao is faithfully flat as right B- module.  The direct sum 
of  the isomorphisms in (b) shows that M is Ao-stable. Hence, by 3.6, there is a 
right Ho-collinear and invertible map Jo:Ho-'Eo :=  EndAo(A0®nM) °p. By 
(a) and 3.3, E is an injective H-comodule (note that the antipode of H is 

bijective since Hi s  pointed). Therefore, the H-collinear map H0 3, Eo c E can 
be lifted to an H-collinear map J :  H --  E.  Then J is invertible, since J I H0 = 
Jo is invertible. Hence, by 3.6, M is A-stable. 

3.8. REMARK. Assume situation (S). One can check that the constructions 
in the proof  of 3.6 give a bijection between 

(a) all B-linear maps q:A @B M - , . M  which define an A-module structure 
on M extending the given B-module structure on M, and 

(b) all k-linear maps J ' :  H - - E  such that Ae(J'(x)) = Y~ J'(x2)t~S(xl) and 
J'(xy) = J'(y)J'(x), J'(1) = I for all x, y ~ H .  

Therefore, if the antipode of H is bijective, ther~ is an A-module structure on 
M extending the given B-module structure if and only if E' c E is a trivial 
crossed product, i.e. there is a right H-collinear algebra map J :  H - - - E  (define 
j : = j , S - l ) .  

4. The stabilizer 

Let k again be a field. I fR  is an algebra and T a  coalgebra, then R. / /odr  will 
denote the category of (R, T)-bimodules X, i.e. of fight T-comodules which 
are left R- modules such that the comodule structure map Ax is R-linear, that is, 
Ax(rX) = ~. rxo~x~ for all r E R  and x EX.  I f M i s  a left R-module,  and S c T 
a subcoalgebra, then M ® S  is an (R, T)-bimodule in the natural way 
(r(m ®s) :=  rm ®s and A~®s(m ~ s )  = m ®A(s) define the module and 
comodule structure). If  f :  S - - T  is a coalgebra map, and X E R J l o d  r, then 
X Dr S ~ R.//odS as submodule and subcomodule of X ® S (cf. [22] ). 

The stabilizer as a coalgebra exists in the general context of (R, T)-bi- 
modules. This is shown in the next theorem generalizing [ 12]. 
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4.1. THEOREM. Let R be an algebra, T a coalgebra, M a left R-module and 
X~R~g/od r. 

(1) Let S c T be a subcoalgebra and do : M ~ T--, X an isomorphism in R~/odr. 

(a) Then dos" M @ S  ~--M@ TDrS~Q-qSxDrs is an isomorphism in 
R~/od s, where the first map is the canonical isomorphism defined by 
the diagonal o f  S. 

(b) If~F : M @S--" X D r S  is any isomorphism in R~/od s, then there is 
an isomorphism ~ '  : M @ T ~ X in g,A/od T such that • = ~ 

(defined as in (a)). 
(2) Assume X is injective as right T-comodule. Then the sum o f  all subcoalge- 

bras S c T such that M @S ~ X D r S  in RJCod s is a subcoalgebra o f T  
having the same property. 

PROOF. (1)(a) is obvious. To prove (1)(b), write To = So ~) C, where So and 
To are the coradicals of S and T, and C is the sum of the simple subcoalgebras 
of T not contained in S. Then D : = S + C = S ~ C, and the direct sum of 
and ~ D r C  defines an isomorphism A : M @ D  ~ X D r D  in R~/od T. Now 
X m M @ T is injective relative to R-split monomorphisms in R J//od T, since 
R-linear and T- collinear maps into M @ Tare given by R-linear maps into M. 
Hence there is a map ~ '  of(R, T)-bimodules such that the following diagram 
of (R, T)-bimodules commutes: 

M ® D  

M ® T  

' X D T D  

l 
, X  

where the vertical maps are the canonical inclusion maps. Note that the 
inclusion M t~ D --- M ® T is an R- split monomorphism of (R, T)- bimodules. 
By the commutativity of the diagram, the composition 

M @ D  M @ T O r D  ~oo , X D r D  

is the isomorphism A. In particular, since S c D and To C D, ~ = ~ ,  and 
• ' Dr To is identified with the isomorphism ADD To. Hence, ~ '  is bijective, 
since M ~ T is an injective T- comodule (cf. [22], 1.2(1)). 

(2) (a) Let C and D be subcoalgebras of T, and ~ : M ®  C-~ XDr  C in 
R~t/od c, ~ : M ~ D ~ XDr  D in R~C/od ~. Then M ~ ( C  + D) -~ X D r ( C  + D) 
in Rdtod c+o. 
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PROOF. By (1), one can assume that {~CND =k~ICOD (replace ~F by an 

extension of OcnD)- The usual exact sequence 0--- C F) D ~ C X D ~ C + 
D ~ 0 ,  i(t) = (t, -- t), p(c, d) = c + d, is exact in the category of left T-co- 
modules. Hence, 

and 

O-- 'M@(C N D ) - - * ( M @ C ) ~ ( M @ D ) - - ' M ® ( C  + D)--*O 

O--*XI"Ir(C f) D ) - - ' ( X D T C ) ~ ( X D r D ) - - * X D r ( C  + D)--*O 

are exact, since X is coflat (--injective) as right T-comodule. The isomor- 
phism ~ @ ~P between the terms in the middle induces an isomorphism of the 
kernels, since ~cno  =Wcn~. Therefore, ~ W  induces an isomorphism 
between M ® ( C  + D) and XDr(C  + D) in R~ggod c+°. 

(b) Consider the set of all pairs (C, O), where C c T is a subcoalgebra, and 
• : M @  C --*XDr C is an isomorphism in R ~ o d  c. If (C, ~)  and (D, ~F) are 
two such pairs, define (C, ~) _-< (D, q0, if C is contained in D and • is the 
restriction of W. By Zorn's lemma, there is a maximal pair (S, O). If (D, kv) is 
any pair, then there is an isomorphism ~ ' : M ® ( S  + D)~--XDr(S + D) in 
RdgodS+D by (a), and, by (1) (replace Xby XDr (S + D)), one can assume that 
(S, ~) _-< (S + D, ~'). Hence, D c S by the maximality of (S, ~). 

The following abstract theorem on (R, T)-bimodules is the main technical 
device to show that the stabilizer is a bialgebra. The proof generalizes ideas of 
Greipel [ 12] and uses a simplification due to Takeuchi. 

4.2. THEOREM. Let R be an algebra, S and T coalgebras, and f :  S ~ T a 
surjective coalgebra map. Let X ERJtgod r, and assume X is injective as right 

T-comodule. Let M be a left R-module. Assume one o f  the following conditions: 
(a) S is pointed. 
(b) There is afield extension k c k' such that S ~ k' is pointed, and M is an 

R-module o f  finite length. 
I f  M ~ S ~ X D r S  in R~Ctod s, then M ® T ~ X  in R~Ctod r (here, S is a T- 
comodule via f ) .  

PROOF. By 4.1, it suffices to show that M ~ T' ~ XDr T' in R ~ [ O d  T' for all 
finite dimensional subcoalgebras T' c T. Therefore, one can assume that S is 
finite dimensional, hence pointed after some finite field extension. Then it is 
enough to consider only the case when S is pointed. This follows from the 
theorem of Deuring-Noether. Assume (b). M @ T' and XDr T' are (R, T')- 
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bimodules or equivalently left R ® T'*-modules, and M ~ T' has finite length 
over R ® T ' * .  Therefore, the R ~ T ' * - m o d u l e s  M ~ T '  and X D r T '  are 
already isomorphic if they become isomorphic after some finite field exten- 
sion. The proof of 4.2 (under the assumption that S is finite dimensional and 
pointed) proceeds by induction on the dimension of S. 

Take a maximal subcoalgebra C c S. Then C has codimension 1 in S (the 
minimal ideals in S* are 1-dimensional, since S*/Ra(S*) ~-- k n for some n). If 
f (C)  -- T, then M ~  T ~ X by induction hypothesis. If D :=  f (C)  ~ T, then 
the surjective map f induces an isomorphism S/C--" T/D, since S /C  is 
1-dimensional. Therefore, the kernel of f l ies  in C. Let I be the kernel off .  By 
induction, there is an isomorphism ¢P : M ~ D --, X Dr D in R ~ o d ~ .  Define ~F 
as the composition 

MC~C_~M~DI..ID C ~oc , X D r D D o C ~ X I . q r C .  

Since M @ S m X n r  S, by 4.1, there is an isomorphism ~F' : M ¢~ S ~ X n r  S 
in ~at/od s such that tF -- ~Fb. 

Consider the exact sequences in Rdgod r 

O - - , M ® I - - , M t ~ S  u®y , M(~T-- ,O,  

O--* X D r I - "  XDrS"-"  XDr  T ~-- X'-"O. 

The lower sequence is exact, since X is coflat as T-comodule. It suffices to 
show that the isomorphism ~F' between the terms in the middle induces an 
isomorphism of the kernels. Take elements m ~ M  and s E l .  Since ~Fb = ~F 

and I c C, 
tF'(m ¢~s) = E (1 @e)tlJ(m @f(Sl))@S2. 

Hence, (1 ® f)ud'(m @ s) = 0, since X f(s]) @ s2 E T @ I. Therefore, ~F' maps 
M ® I  into XDTI.  Similarly, one shows that the inverse of iF' maps X D r I  

into M ® I. 

Now consider again the H- Galois extension B C A of Section 1. 

DEFINITION. Let M be a left B-module. 
(1) Let C c H be a subcoalgebra. C is said to stabilize M if 

M ® C  ~--A(C)®a M in Bd/od c. 

(2) Let St(M, H) be the sum of all subcoalgebras C c H which stabilize M. 
H,t :=  St(M, H) is called the stabilizer o f  M in H. 
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The next lemma generalizes the isomorphism Ag @a Ah TM Agh of 1.5. 

4.3. LEMMA. Assume the situation of  the definition. Let C and D be 
subcoalgebras of  H. Consider C ~ D as left H-comodule via the coalgebra map 
C ® D ---, H defined by mutliplication. Then 

A(C)@BA(D)--'AI2n(C@D), x @ y  ~ •XoYo@Xl@Yl, 

is a left and right B-linear isomorphism. 

PROOF. Let (I) be the above described map. Obviously, (I) is well-defined 
and B-linear, where A l-1 n ( C ® D )  is a B-bimodule by multiplication on A. 
Since As is faithfully flat, it is enough to show A @s (I) is bijective. 

For any left H-comodule V, the map 

A ~ (A On V) ~ (A (~BA) [-IH V~--A ~Hr' l  n V~--A ~ V, 

X x ~ y i ~ v i  ~ Z xyi~v~, 

is an isomorphism, since AB is flat. Applying this map twice, first to V = C 
and then to V = D, gives an isomorphism A ®B (A r'l n C) ®B (A 12n D)---- 
A ® C ® D. This isomorphism can be identified with A ®B ~.  

4.4. THEOREM. Let M be a left B-module and/-/st the stabilizer of M in H. 
(1) /-/st is a subcoalgebra of H, and any subcoalgebra of list stabilizes M. 
(2) Assume one of the following conditions: 

(a) H is pointed. 
(b) There is afield extension k c k" such that H ~ k' is pointed, and M is 

a B-module of  finite length. 
Then Hst is a Hopf subalgebra of H. 

PROOF. (1) follows from 4.1 and 
X : = A ® B M .  

(2)(i) Define C:= list. By 4.3, 

1.3(3), where R : = B ,  T : = H  and 

A(C)~BA(C)~AE]n(C~C) ,  x @ y  ~ EXoYo@Xl@Y~, 

is a left and right B-linear isomorphism. Hence, by tensoring with M 
one obtains 
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(A @B M) Dn ( C @ C) -~ (A E]n ( C ® C)) @B M 

-~A(C)®sA(C)®B M 

~A(C)@BM@C 

~ M ® C ® C  

(by 1.3) 

(by 4.3) 

(since C stabilizes M) 

(since C stabilizes M). 

It can be checked that this isomorphism is a morphism in sJI/Iod c®c. 
Now apply 4.2 where R :=  B, S:  = C ® C and T: = C .  C as subcoalgebra 

of  H,  f is the multiplication map and X:=A(T)@sM. By 1.3(3), X ~  
(A ®B M) I:]n T is injective as right T-comodule. Then, by 4.2, M@T~-- 
A(T) ®s M. By definition of  the stabilizer, this means T = C.  C is contained 
in/-/st = C. Thus the stabilizer is a subbialgebra of H. 

(ii) The subbialgebra /-/st of H is a Hopf  subalgebra if the antipode S 
of  H maps the coradical of / /s t  into H~t. This means: For any finite dimen- 
sional subcoalgebra C of the coradical of /-/st there is an isomorphism 
A(S(C) )@sM~M@S(C)  in sJHod n. Take any such C. By assumption, 
there is a finite field extension k '  c k such that C @ k '  is pointed. Hence, by 
Deuring-Noether  as in the proof  of  4.2, one can assume that C is pointed. By 
4.1 and 1.3(3), it is sufficient to consider the case C = kg, g a group-like 

element in//st .  
Any group-like element h of H lies in the stabilizer if and only if M 

Ah @B M as left B-modules. Therefore, g ~//st  implies M ~-- Ag @s M and 
Ag-, @B M ----- Ag-, @BAg @B M ~ M, by 1.5( 1 ). Thus, g -  ~ lies in the stabilizer. 

4.5. LEMMA. Under the assumptions of 4.4, let D c C be subcoalgebras oJ 
the stabilizer Hat of M. Then A (D ) @B M ---, A ( C) @B M, a ~ m ~ a ~ m, is a 
B-split monomorphism. 

PROOF. Since C is contained in the stabilizer, there is an isomorphism 
t~ : A ( C ) @ B M ~ M @ C i n  n~//od c. By 1.3(3), 

(A(C)~sM) [3cO ~-- (A ®BM) On CDcD ~ A ( D ) ~ s M .  

Hence, restriction of • is an isomorphism A (D) ®s M ~ M ® D. Therefore, 
A (D) ®s M ~ A (C) @B M is a B- split monomorphism.  

Finally, a useful criterion for a coalgebra to lie in the stabilizer will be given 
in terms of the splitting condition in 4.5. 

4.6. THEOREM. In the situation of 4.4, let C c H be a subcoalgebra. Then C 
is contained in the stabilizer H,t of M if  and only if  



VOI. 72, 1990 HOPF GALOIS EXTENSIONS 219 

(a) the coradical Co of  C is contained in//st, and 
(b) the inclusion m a p A ( C o ) ® s M - ' A ( C ) ® B M  is a B-split monomor- 

phism . 

PRoov. If C lies in the stabilizer, then (a) and (b) follow from 4.4(1) 
and 4.5. Conversely, assume (a) and (b). By (a), there is an isomorphism 
• o : A ( C o ) ~ B M ~ M ® C o  in s J lod  H. By (b), there is a B-linear map 
f :  A (C) ®s M ~ M such that f l A (Co) ®B M is (1 ® e)~0. Define 

• : A ( C ) ~ s M - - - ' M ® C  by ~ ( a ® m ) : = Z f ( a o ® m ) ® a l .  

By restriction, ~ induces the isomorphism ~o. But, by 1.3(3), 
(A (C) ~ s  M) [2c Co ~ A (Co) ®s M. Thus, • l"l c Co is bijective. Therefore, • is 
bijective by [22], 1.2(1), since A (C) ®B M is an injective C- comodule by 1.3(3). 
Hence, by definition, C c/ /s t .  

4.7. REMARK. (1) If C is pointed, then condition (a) in 4.6 is equivalent to 
(al) For all group-like elements g in C, Ag ®s M ~ M as B-modules. 
(2) In the situation of 4.6, let C be a pointed Hopf subalgebra of H. Assume 

C is finite dimensional or M is a B-module of finite presentation. Then C lies in 
the stabilizer//st of M if and only if the following conditions hold: 

(a0 in (1). 
(bl) The inclusion map M--* A ( C) ®B M, m~--~ l ® m ,  is a B-split 

monomorphism. 

PROOF. This is a restatement of 3.7. C is contained in the stabilizer if and 
only if there is an isomorphism A (C) ®n M --~ M ® C in n.lgod c. But, by [22], 
3.11 (2), B C A (C) is a C-Galois extension, and A (C) is faithfully flat as right 
B-module. Hence, by 3.7, M is A (C)-stable if and only if (al) and (b~) hold. 

4.8. REMARK. (1) Assume the antipode of H is bijective and B c A is an 
H-crossed product, i.e. there is a right H-collinear and invertible map j :  H 
A. Let j '  be * -inverse to j ,  and let H ~ B ~ B, h ~ b ~ h(b) := Z j(hl)bj'(h2), 
be the induced action of H on B. Then 

h(bb') = X hl(b)h2(b'), h(1) = e(h)l, 

but in general this action does not define an H-module structure on B. 
Let C C H be a subcoalgebra. Then the induced module can be described as 

follows: 
A (C) ~B M ~ (M ~ C) in ndlod c, 
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where ( M ® C )  is M ¢ ~ C  as k-module and C-comodule, and where the 
B-module structure o is twisted: b o (m t~ h ) : =  Y, (S-t(h~))(b)m ® h2. 

This follows from the isomorphism B ® H ---,. A,  b ¢~ h ~ j ' ( S -  t(h ))b. (The 
inverse map is given by a ~ Y_, j(S-t(al))ao¢~ a2.) 

Let ( C ® M )  be C t ~ M  as left-comodule with the following twisted B- 
module structure o : b o(h @ m ) : =  Y, ht @h2(b)m. Then C stabilizes M if 
and only 

C @ M ~ ( C @ M )  in c .# .  

This is clear from the above description of the induced module, and for the 
following reason: Any isomorphism (M @ C ) ~  M @ C, m @ h ~-~ ~ ~o(m ~ h~) 
h2, induces the isomorphism (CraM)-- ,  C r a M ,  h @ m ~-~ Y. hl ~ ~o(m ~S(h2)), 
and conversely. 

(2) Assume now that A is a cocommutative Hopf algebra, B a normal Hopf 
subalgebra and H = ,4 : = A/AB + the quotient Hopf algebra as in example (4) 
of  the introduction. Assume that B c A is an H- crossed product as in (1) (this 
holds, for example, ifA is pointed or B is finite dimensional, cf. [22], Th. III). 

Let C c H be a subcoalgebra which stabilizes M. Then D :=  A(C) is a 
subcoalgebra of A and 

a ( D @ M ) - ~ D @ M  in B°~C/od, 

where a(D ¢~M) is D @M as left D-comodule with the following twisted 
B- module operation 

o : b o (a @m) := Y~ at ®2(a2®b)m,  2(a ¢~b) := Y, atbS(a2). 
,t 2 

Since B is normal in A, 2 : A ¢~ B --* B is well-defined. 

PROOF. By (1), ( C ¢ ~ M ) - ~ C C ~ M .  Cotensoring with A n  n- yields an 
isomorphism (D ® M) ~ D @ M in DJ/od. Here, the twisted B- module struc- 
ture on ( D ~ M )  is b o ( a ~ m ) : = Z a t ~ ( b ) m .  D = A ( C ) ~ - - A D n C  is a 
subcoalgebra since A is cocommutative. It remains to show that ~(D ®M)--~ 

(D ® M). 
The map f :  A -., B, f (a)  : = Y, j(~)S(a2),  is well-defined, since B = A ¢o H. 

Then ~(D@M)--- , (D@M),  a @ m  ~ Y, a~@ f(a2)m, is an isomorphism in 

n°.//od. 

(3) In the situation of (2), Greipel [12] defined the stabilizer A,t of M 
as the sum of all subcoalgebras D c A such that ~(D @M) ~ D ® M i n  ~Jlod.  
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(He used 2' instead of 2, where ,i'(a@b):=ZS(aOba2. Note that 
a(D ~ M) -~ a,(D @ M), a ~ m ~ S(a ) ® m.) 

To prove that A,t is a Hopf  subalgebra of A, he used the fact that 2 defines an 
A-left module structure on B. Since the above operation of H on B in general 
does not define an H-module  structure, Greipel's theory cannot be applied to 
the more general situation of the H-crossed product in (1). 

(4) If H is a group algebra k[G], then clearly//st = k[Gst],  where G~t is the 
stabilizer as defined by Dade [5], cf. [4], p. 269, for strongly graded algebras: 

G,t= {g ~ G I Ag @B M -~ M over B ). 

I fF '  is a normal subgroup of a group F and G :=  F/F', B :=  k[F'] c A :=  k[F], 
then G,t is the quotient group F,t/F', where Fst is the usual stabilizer 

r,t :=  {~ E F I  ~ ---- M over k[F']}. 

(5) Let k be a field of characteristic 0, g a Lie algebra and g' C g a Lie ideal. 
Define B : = Ug' c A : -- Ug and H:  --- U~/~ '. Then//st  = U~st/~', where ~st is the 
stabilizer of  M in the sense of Blattner [2], cf. [8], 5.3. 

(6) In the situation of example (3) of the introduction, let M be a finite 
dimensional left G'-module.  Equivalently, M is a left B-module. Let Gst be the 
stabilizer of M as defined by Voigt in [28], 1.3. Then one can show that 
A (H,t) = H(Gst), in other words,/-/st is the cocommutative Hopf  algebra of the 
quotient group scheme G/Gst. More generally, in another paper the stabilizer 
for cocommutative Hopf  algebras will be characterized functorially. 

5. Induction of simple modules 

In this section, Blattner's irreducibility criterion [2] will be proved in the 
context of Hopf  Galois extensions generalizing results of Voigt [28] and 
Greipel [ 12]. 

5.1. LEMMA. Assume H is pointed. Let M be a simple left B-module and 
C C H a subcoalgebra such that A (C) @B M is M-isotypically semisimple as left 
B-module. Then C is contained in the stabilizer of M in H. 

PROOF. Let g be a group-like element of C. Then Ag ~B M is a B-sub- 
module ofA (C) ~s  M. Hence Ag ~B M is isomorphic to a direct sum of copies 
of M. But, by 1.5(2), Ag ~ s  M is simple. Thus, A, ~B M ----- M. Furthermore, 
A (Co) ~ s  M is a B- submodule ofA (C) ®s M, hence a B- direct summand,  since 
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A (C)@B M is semisimple by assumption. Therefore, both conditions (a) and 
(b) in 4.6 are satisfied, and C lies in the stabilizer of M. 

5.2. COROLLARY. Assume H is pointed. 
(1) Let M be a simple left B-module and X a left B-module which is M- 

isotypically semisimple. Then M and X have the same stabilizer in H. 
(2) Let N be a left A-module, M a simple B-submodule and X the M- 

homogeneous component of  the B-socle of N. Let list be the stabilizer of  M 
in H. Then X is an A (Hst)-submodule of N. 

PROOF. (1) Let C C Hbe  a subcoalgebra. If C stabilizes M, then clearly C 
stabilizes X m M (~), I some set. Conversely, if C stabilizes X, then A (C) ®B M is 
a B- submodule of A (C) ®B X ~ X @ C which is M- isotypically semisimple. 
Hence, by 5.1, C stabilizes M. 

(2) By (1), A ( H s t ) ~  n X-~ X~Hst is M-isotypically semisimple as left B- 
module. Therefore, the image of the multiplication map A (//st) ®B X --* N lies 
in X, the M-homogeneous component of the socle of N. 

5.3. LEMMA. Let M be a simple B-module, g a group-like element of 
H and V a k-module. Assume that k is the center of F := Endn(M). Con- 
sider Ag @B M ® V as left B ® F-module in the obvious way, where 
( b ® ? ) ( a ~ m ~ v ) : = b a ® y ( m ) ~ v .  Then any B®F-submodule of  
Ag @s M @ V is of  the form Ag @s M ® U, U a submodule of V. 

PROOF. In general, if Z is any simple left B-module and D :-- Ends(Z), 
then V ~ Z @D*~ Vis an equivalence between the category of left D°P-modules 
and the category of left B-modules which are Z-isotypically semisimple. Now 
assume k is the center of D. Then Z is a simple left B ®D-module with 
endomorphism ring k. Hence, V ~-~ Z @ V is an equivalence between the 
category of k-modules and the category of left B ®D-modules which are 
Z-isotypically semisimple. By 1.5(2), Ag@sM is a simple B-module with 
endomorphism ring isomorphic to F. Therefore, the previous remark in case 
Z : = Ag ~ s  M proves the lemma. 

In the next theorem, which is a very general form of Blattner's theorem [2], 
Th. 3, the following notation will be used: If V is a left B-module and M a 
simple left B-module, let So(V) be the B-socle of V and M-So(V) the M- 
homogeneous component of So(V). 

5.4. THEOREM. Assume H is cocommutative and pointed. Let G be the set 
of  group-like elements of H and Ho = k[G] its coradical. Let M be a simple left 
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B-module such that k is the center of its B-endomorphism ring. Let Hst be the 
stabilizer of M in H. Define S : = A (list) and Ao : = A (Ho). 

Then A (HoHsO = AoS = Zg AgS, and 
(1) (a) For all gEG: Ag~nm-So(A ®BM)~--AgS®sM. 

(b) So(A ® s M ) ~ A o S ® s M .  
(2) I f  Q is a left S-module such that Q is M-isotypically semisimple as B- 

module (by restriction), then: 
(a) For all g E G : Ag ®s M- So(A ®s Q) ~ AgS ®s Q. 
(b) So(A ~sQ)~-AoS~sQ.  

(All isomorphisms are induced by the inclusions AgS c A and AoS c A .) 

PROOF. (A) First it will be shown that M- So(A ®n M) _--__ S ®n M. 
Let X be the M-homogeneous component of the B-socle ofA ®B M. Then 

S ®s M C X c A ®s M, since S ®8 M ~ M ®//st is B-isomorphic to a 
direct sum of copies of M. Let F := EndB(M) be the endomorphism ring 
of M. Consider A @BM as left B ®F-module with module structure 
(b @y)(a @m) := ba ®y(m). Then Xis a B ® F-submodule ofA ®nM. 

Since the comodule structure map A ®B M ~ A t~n M ® H is left B-linear, 
X is also a right H-subcomodule of A ®BM. Define Y:=X/ (S®BM),  
a left B ® F-submodule and a right H- subcomodule of (A ®B M)/(S ®B M) 
A / S ~ n M .  

It will suffice to show Yg = 0 for all group-like elements g of H, since this 
implies Y0 = 0, hence Y = 0, or equivalently X = S ~B M. 

Let g be any group-like element of H. Then Yg is a B ~ F-submodule of 
(A/S~BM)g. By 1.2 and 1.4(3), the canonical maps 

(A/S (~B M)g ,,- (A/S)g ®B M ---* Ag ®B i ® (U/H~t)g 

are bijective. Both maps are clearly B®F-linear.  Hence, by 5.3, Yg is 
B ®F-isomorphic to Ag ~B M ~ C/H~t, where C is a k-submodule of H 
containing//st such that C/H~t = (H/H~t)g. 

Take any c ~ C .  Then A(c)~c(~g + H~t~H c C ~ H .  Therefore, A(C) C 
C ~ H. Hence C is a subcoalgebra of H, since H is cocommutative. 

Then, by 1.4(1) and (2), the canonical map 

A (C)/S ~B M -,. Ag ~8 M ~ C/Hst is bijective. 

(Note that ~(C/H~t) = (C/Hst)g -- C/Hst, since C is cocommutative.) 
This means that Yg=(A(C)®BM)/(S~BM) is a submodule of Y-- 

X/(S ®B M). Hence A (C) ~ M is a submodule of X. Then, by the definition of 
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X, A (C) ®n M is M- isotypically semisimple, and, by 5.1, C is contained in the 
stabilizer/-/st, or equivalently, Ys is zero. 

(B) Proof of (1)(a): Let g ~ G. By 1.5(2), A~ ~ M is simple over B. Let 

Z :-- M- So(A @n M) and Zs : = A~ @n M- So(A @n M). 

It follows easily from 1.5(1) that Zg is the image of the multiplication map 
Ag®BZ-'*A@BM, a@z~--~az. By part (A), Z-~S@BM. Hence, Zg~  
Ag(S ®B M) = A (grist) @B M, since AgA (//st) = A (gH~t) by 1.5(3). 

(C) Proof of (l)(b): By 2.1, any simple B-submodule ofA @B M is isomor- 
phic to Ag ®B M for some g. Hence, by part (B), So(A @B M) is the sum of all 
submodules AgS ®B M. But this sum is equal to AoS @B M, since 

A (HoHst) = A (Xg gH, t) = Xg A (grist) = Zg AgS = AoS 

by 1.5(4). 
(D) Proof of (2)(b): Since H is cocommutative, H is faithfully flat over/-/st 

(cf. 1.1(4)). By 1.7(1), the inclusion induces an injective map AoS @s Q--" 
A ®s Q, since AoS = A (HoHst). Let H = H/HH~+t. 

By 1.6, A @B A ---- (A Qs Q) I~n H is a left B- linear isomorphism. In particu- 
lar, So(A®BQ) is mapped isomorphically onto So((A®sQ)D~HH)-~ 
So(A @s Q)I~nH (note that So(A @s Q) is an H-subcomodule ofA @s Q). 

By (1)(b), So(A @B Q) ~ A0 S @s Q, since Q is M- isotypically semisimple as 
module over B. Hence, the image of the socle lies in (AoS @s Q)I~n H. 

But A0S ®s Q is B-semisimple as an epimorphic image of AoS @B Q- Hence, 
AoS ~s  Q c So(A ~s Q) and (AoS t~B Q) I~u H = So(A ~s Q) ~ H, since 
(AoS @B Q)EI-~nH is semisimple as submodule of AoS®s Q @H. Therefore, 
AoS @B Q = So(A ®s Q), since H is faithfully coflat as left H-comodule. 

(E) Proof of (2)(a): Replace So by Ag @n M- So in the proof of part (D). 

5.5. COROLLARY. In the situation of 5.4, assume that M is finitely pre- 
sented or H is finite dimensional. Let E '=  EndA(A ®BM) °p and E' := 
Endn(M) °p. Then the extension E' C E is an Hst-crossed product. 

PROOF. By 5.4(1)(a), S@nM is isomorphic to the M-socle of A @nM. 
Hence, 

E ~ HomB(M, A t~s M) ~ HomB(M, S @B M) ~ Ends(S @n M). 

By [22], 3.11 (2), B C S is an/-/st-Galois extension, and Ss is faithfully flat. 
Hence, 5.5 follows from 3.6. 
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5.6. COROLLARY. Assume the situation of 5.4. Then 
(1) I f  X CA ®s Q is a non-zero A-submodule, then X n 1 @ Q ~ O. 
(2) P ~ A @s e defines a bijection between the set of  S-submodules of Q and 

the set of  A-submodules of A @s Q. 
(3) Ends(Q)--" Enda(A ®s a ) , f  ~ 1 ® f ,  is a ring isomorphism. 
(4) I f  Q is simple over S, then A @s Q is simple over A. 

PROOF. (1) By 1.5(2), the quotients of the B-module filtration ofA @B Q in 
2.1 are semisimple. Since A @s Q is a quotient module ofA @B Q, also A ®s Q 
has a filtration with B-semisimple quotients. Hence, any non-zero B-sub- 
module of A ®s Q has non-zero socle. In particular, there is a simple B- 
submodule U ofA ®s Q such that U --~ Ag ®B M for some group-like element g 
of H. Then Ag-,U ~--M is contained in the M-socle of A ®s Q. Hence, by 
5.4(2)(a), X N S ®s Q ÷ 0. 

(2) By 1.7(3), As is faithfully fiat. Hence, the mapping P ~ A @sP from 
S-submodules of Q to A-submodules of A @s Q is well-defined and injective. 
To prove the surjectivity, let X be any A-submodule of A @s Q. Define 
P :  = X tq 1 @s Q. Then A @s P is a submodule of X, and X/A @s P is isomor- 
phic to a submodule of A @s P/Q whose intersection with S @s P/Q is zero. 
Hence, by part (1), X = A ~s  P. 

(3) follows from 5.4(2), and (4) is a special case of (2). 

5.7. COROLLARY. In the situation of  5.4 let 

O- -Xoc  Xx c . . . c X , = S ® B M  

be a Jordan-HOlder composition series of  S @B M as left S-module. Then 

O - = A ~ s X o C A ~ s X ~ C  . . .  C A ~ s X , ~ - A ~ B M  

is a Jordan-HOlder composition series of  A @n M as left A-module. 

PROOF. Since, by 1.7(3), As is flat, A ~ s X i o A  ®sX~+x is injective. It 
remains to show that A ~s  Xi + ~/Xi is A- simple for all i. By definition of the 
stabilizer, S ~B M m M ~/-/st as left modules. In particular, S ~B M is M- 
isotypically semisimple as module over B. Hence, all quotients X~ + ~/X~ are 
M-isotypically semisimple over B. Therefore, by the irreducibility criterion 
5.6(4), A ®sXi+l/X~ is A-simple for all i. 
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6. Applications 

A ring R is called (semi-) primary if the Jacobson radical Ra(R) is nilpotent 
and if R/Ra(R) is (semi-) simple artinian. 

6.1. PROPOSITION. Assume H is finite dimensional and all simple H- 
modules are one-dimensional (equivalently, the dual coalgebra H* is pointed). 
Let B c A be any (not necessarily faithfully flat) right H-Galois extension. I f  B 
is primary and N is a simple left A-module, then any simple left A-module is A- 
isomorphic to ,N for some algebra homomorphism a : H --, k. (See 3.4 for the 
definition of ,N.) 

PROOF. Since H is finite dimensional, A is finitely generated (and projec- 
tive) over B (cf. [15] (1.8)). Let X be a simple left A-module. Then BX is finitely 
generated and there exists a B-submodule U c X such that X~ U is simple. 
Since B is (semi-) primary, there is a simple B-submodule V of N. But 
X/U-~ V, since B is primary. Hence, HomB(X, N) ~ 0. By 3.5, HomB(X, N) i s  
a right H-module.  Thus there exists a simple H- submodule WofHomB(X,  N). 
By assumption, W is one-dimensional. Let W = k~0, 0 ~ ~0 ~ W. Then ~0 o h = 
~oa(h) for all h E H,  where a : H ~ k is the algebra homomorphism defining the 
one-dimensional representation W. By 3.5(3), ~0 : X ~ jV is A-linear. But X, N 
and aN are simple A- modules. Hence X ~ ,N. 

If  R is a finite dimensional algebra, s(R) will denote the number  of 
isomorphism classes of simple right R-modules. 

6.2. COROLLARY. Assume H is finite dimensional and all simple H- 
modules are one-dimensional. Let M be an indecomposable left B-module of  
finite length and 

A Vf,, 
i ~ l  

n; >= 1, V,. indecomposable left A-modules, V~ ~ Vj for all i ÷ j, the A-Krull- 
Remak-Schmidt decomposition of the induced module. I f  M is stable, then 

s < s(H). 

In particular, if  H is a local algebra, then A ~n M is A-isomorphic to V", for 
some indecomposable left A-module V and some natural number n >= 1. 
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PROOF. Since M is stable, A ®B M ~ M ® H as left B-modules. In particu- 
lar, A ~B M is an A-module of finite length. Let E '  c E be the dual endomor- 
phism rings as in Section 3. Then E '  C E is an H-Galois extension (even an 

H-crossed product) by 3.6. Now endomorphism rings of modules of finite 

length are semiprimary (cf. [20], 2.9.10). E '  is local, hence primary, since M is 

indecomposable. By 6.1, the number of isomorphism classes of simple left E- 

modules is < s(H). Therefore, in a Krull-Remak-Schmidt decomposition of 

E,  the number of isomorphism classes of the indecomposable direct sum- 
mands is <=s(H). This proves 6.2, since the functor X~--~ Homa(N, X), 

N" = A ~n  M, from the category of left A- modules which are isomorphic to 
A-direct summands of N' for some t to the category of finitely generated and 
projective left E-modules is an equivalence (cf. [4], (6.3)). 

6.3. REMARK. (1) 6.2 contains as a very special case the following variant 
of  Green's theorem ([4], (19.22)) for stable modules in [14]: 

Let G be a finite group, G' a normal subgroup and G the quotient group 

G/G'. Consider the special case of 6.2 where B :=  k[G'] c A :=  k[G] and 

H : - -  k[ G] are the modular group algebras, char(k) = p 4: 0. If G is a p-group 
and M is an indecomposable stable G'-module, then, by 6.2, the induced 
module is isomorphic to V" for some indecomposable G-module and some 
n ->_ 1. I f M i s  absolutely indecomposable, then n = 1 by Green's theorem. But 
in general, it is well-known that the case n 4:1 occurs. 

(2) In the case of finite group schemes in example (3) of  the introduction, 6.2 

was proved by Voigt [28], 12.8, for H local and k algebraically closed. Contrary 

to the constant case of Green's theorem, n 4 1 is possible even over an 
algebraically closed field (see [28], 12.9). 

(3) In the situation of the previous remark, one cannot omit the assumption 
that M is stable. An example, where different isomorphism types occur in the 
Krull-Remak-Schmidt  decomposition of the induced module of an unstable 
module (although H is local and k is algebraically closed), was given by 
M. Josek. Examples of this type and another proof of 6.1 which works for more 
general Hopf algebras will appear in his thesis at the university of  Munich. 

6.4. COROLLARY. Assume H is finite dimensional, cocommutative and 
pointed, and all simple H-modules are one-dimensional. Let M be a simple left 
B-module such that k is the center of EndB(M). 

(1) The number of isomorphism classes of the indecomposable direct sum- 
mands of an A-Krull-Remak-Schmidt decomposition of A ~ M is 
< s(H). 
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(2) All A-Jordan-HOlder composition factors o f  A @s M are isomorphic as 
B-modules. I f  H is local, then they are A-isomorphic. 

PROOF. Define E '  and E as before. Let Hs, be the stabilizer of M and 
S:=A(Hst) .  By 5.5, E ' c E  is an Hst-crossed product. Since/ /s t  is a Hopf  
subalgebra of H, all simple H~cmodules are one-dimensional (H* is pointed as 
quotient coalgebra of the pointed Hopfalgebra H*). Hence, (l) is proved in the 
same way as 6.2. 

To prove (2), let V~ and V2 be A-composition factors o fA  @nM. By 5.7, 
there are S- composition factors Ut and U2 of S @n M such that V~ ~ A @s U~ 
over A for i = l, 2. Since/-/st is the stabilizer of M, S ®n M ~ M @H~t over B. 
Hence, S @n M is a "progenerator" in the category ~ of all left S- modules 
which are M-isotypically semisimple as modules over B. Therefore, 

X ~ Homs(S @B M, X) 

is an equivalence from ~ to the category of all left Es-modules,  where 
Es := Ends(S @s M) °v (cf. [1], (1.3), [28], p. 121). By 6.1, all simple left 
Es-modules  have the same dimension. If  H is local, then/-/st is local, and all 
simple left Es-modules are isomorphic. 

Therefore, any two S-composition factors o fS  @s M are isomorphic over B. 
I f  H i s  local, they are isomorphic over S. Thus, Ut ~ U2 over B. Now it follows 
from 1.8(2) that A ~n  U~ ~ (A ~ s  Ui) n, i = 1, 2, as B-modules, n :=  [//st : k]. 
Then, by Krul l -Remak-Schmidt ,  A @s U~ and A @s U2 are isomorphic over B. 
Hence, VI and V2 are B-isomorphic. If  H i s  local, U~ ~ U2 over S a n d  VI and II2 
are A-isomorphic. 

6.5. COROLLARY. Assume H is finite dimensional, cocommutative and 
pointed, and all simple H-modules are one-dimensional. Assume A is finite 
dimensional and B is semisimple with splitting field k. Then all simple A- 
modules belonging to the same block o f  A are isomorphic over B. I f  H is local, 

then all blocks o f  A are primary. 

PROOF. Let B = (3z Bei, e 2 = e~ ~ B, Bei simple over B for all i. Decompose 
Aei = (~j Ae U, where the Ae~j are indecomposable left A-modules. It suffices to 
show that all A-composition factors of any one Ae~j are isomorphic over B resp. 
over A in case H is local. This follows from 6.4(2), applied to M = Be~. 

6.6. COROLLARY. Assume A and H are finite dimensional and H is irreduc- 
ible (as coalgebra, i.e. the dual algebra is local). Let e~, 1 < i < n, be central 
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idempotents of  B such that 1 = Zi ei and B = ff)i Bei is the block decomposition 

of  B. Then: 
(1) For all i, ei is central in A and Bei C Ae~ is a right H-Galois extension. 
(2) I f  H is local, then A = ~ Ae~ is the block decomposition of  A, and ifBe~ is 

primary for some i, then Aei is primary. 
(3) I f  all simple H-modules are one-dimensional, and if all blocks of B are 

primary, then all simple A-modules belonging to the same block of A are 
isomorphic over B. 

PROOF. (1) If  e 2 = e ~ B  is central in A, then A e ~ A e ® H ,  ae~-~ 
Z aoe®a~, is an H-comodule algebra, and Be CAe is a right H-Galois 
extension. Hence it remains to prove that Ae~Aej = 0 for i ~ j .  

By the general assumption in Section 1, B is a left and right B-direct 
summand  in A (of. [15] (1.9)). Hence, i f e  is any idempotent  in B, then Be is a 
B-direct summand of A, which is stable by 3.7 and 3.3, since H is irreducible. 

Thus, Ae -~ A ~n Be -~ Be ® H as left B-modules, and Ae and Be have the 
same B-composition factors. 

Now assume Ae~Aej v~ 0 and i ~ j .  Then Ae~ and Aej have an A- and hence 
also a B- composition factor in common.  Therefore Be~ and Bej have a common 
composition factor. But this is a contradiction, since Bei and Be t are different 
block ideals. 

(2) Assume Be~ is primary. Since, by (1), e~ is central in A, Ae~ is primary by 
6.1. By (1), it remains to prove the following: Let e ~ = e ~ B  be central in A 
such that Be is a block in B. Then Ae is a block in A. 

Write Be = ~j Bfj, where the fj are orthogonal primitive idempotents in B 
and e = Zj fj. Then Ae = ~j Afj. For all j ,  B~ is stable and indecomposable. 
Hence, by 6.2, there is an indecomposable A-module Pj such that Afj ~ PTJ for 
some nj. Write Afj -- ~u AfJu, where the fJu are primitive idempotents in A. 
Then Pj ~ Afju for all/1. It remains to show thatfju andf~ lie in the same A-block 
for all j ,  k and/~, v. 

Since fj, fk lie in the same B-block, one can assume that Afj, Afk have an 
A-composit ion factor in common,  since An is flat. Hence, Afju-~ Pj and 
Af~ ~ Pk have a common composition factor. 

(3) By (1) and 6.1, all simple left Aei-modules are B-isomorphic for all i. 
This proves the claim, since the blocks of A are the blocks of the Aei. 

6.7. REMARK. (1) For finite group schemes, see example (3) of the in- 
troduction, the above results have the following corollaries (of. [28], 
2.37, 2.41): 
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(a) I f k  is algebraically closed, G' linearly reductive and G / G '  trigonalizable 
resp. unipotent, then all blocks of  H ( G )  are full matrix rings over basic 
resp. local algebras. 

(b) I f  G is infinitesimal and nilpotent, then all blocks of H ( G )  are full matrix 
rings over local rings. 

PROOF. (a) follows from 6.5. Note that a primary algebra is isomorphic to a 
full matrix algebra over a local ring (cf. [4], 6.11), Similarly, if k is a splitting 
field of the finite dimensional k-algebra R and if all simple R-modules 
belonging to the same block have the same k-dimension, then R is isomorphic 
to a full matrix ring over a basic algebra S (i.e. S / R a ( S )  ~-- k m for some m). 

(b) By the structure theorem in [6], IV, §4, 1.11, there is a (multiplicative) 
central subgroup G' of G such that G / G '  is unipotent. Hence, H ( G / G ' )  is 
irreducible and local, and all blocks of H ( G ' )  are primary. Therefore, (b) 
follows from 6.6. 

(2) However, the block structure of the cocommutative Hopf  algebras 
H = H ( G )  in (1) can be derived more easily by looking at the principal block 
containing the trivial H- module k (defined by e). As in [28], 2.37, cf. [ 13], [ 17], 
it is sufficient to show for any semisimple normal Hopf  subalgebra H '  of H that 
the principal blocks of H and of H : = H / H H '  + are isomorphic. (Then the 
kernel of the principal block is the largest linearly reductive normal subgroup 
of  G.) This fact can be proved directly in the following way (over arbitrary 
fields): Since H '  is semisimple, by [ 16], Prop. 3 and 4, there is a left and right 
integral e of H '  (i.e. x e  = e ( x ) e  = e x  for all x ~ H ' )  such that e(e) = 1. Then 
e 2 ---- e, and e is central in H: For all x ~ H ,  x e  - e x E H ' + H  = H H  '+ ,  since 

e = 1 in H; hence, x e  - e x  is annihilated by e from the left and the right side, 
thus e x  = e x e  = x e .  Now it is clear that e H  ~ H ,  e x  ~ Yc, is an algebra 
isomorphism, since any x ~ H '  +H is annihilated by e. But the principal block 
is contained in e l l ,  since there is an element h ~ H such that e h  is a non-zero 
left integral o f H  (cf. [19], 2.7). In particular, i f H  is local, then e H  ~ H is the 
principal block. 
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